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LARGE SCALE GEOMETRY OF METRISABLE GROUPS
CHRISTIAN ROSENDAL
Abstract. We develop a theory of large scale geometry of metrisable topological
groups that, in a significant number of cases, allows one to define and identify
a unique quasi-isometry type intrinsic to the topological group. Moreover, this
quasi-isometry type coincides with the classical notion in the case of compactly
generated locally compact groups and, for the additive group of a Banach space,
is simply that of the corresponding Banach space. In particular, we characterise
the class of separable metrisable groups admitting metrically proper, respectively,
maximal compatible left-invariant metrics. Moreover, we develop criteria for when
a metrisable group admits metrically proper affine isometric actions on Banach
spaces of various degress of convexity and reflexivity.
A further study of the large scale geometry of automorphism groups of count-
able first order model theoretical structures is separated into a companion paper.
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1. Introduction
The large scale geometry of finitely generated discrete groups or compactly
generated locally compact second countable groups is by now a well-established
theory (see [41, 26] for recent accounts). In the finitely generated case, the starting
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topological groups.
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point is the elementary observation that the word metrics ρΣ on a discrete group
Γ given by finite symmetric generating sets Σ ⊆ Γ are mutually quasi-isometric
and thus any such metric may be said to define the large scale geometry of Γ.
In the locally compact setting, matters have not progressed equally swiftly even
though the basic tools have been available for quite some time. Indeed, by a re-
sult of R. Struble [53] dating back to 1951, every locally compact second countable
group admits a compatible left-invariant propermetric, i.e., so that the closed balls
are compact. Struble’s theorem was based on an earlier well-known result due
independently to G. Birkhoff [10] and S. Kakutani [28] characterising the metris-
able topological groups as the first countable topological groups and, moreover,
stating that every such group admits a compatible left-invariant metric. However,
as is evident from the construction underlying the Birkhoff–Kakutani theorem, if
one begins with a compact symmetric generating set Σ for a locally compact sec-
ond countable group G, then one may obtain a compatible left-invariant metric d
that is quasi-isometric to the word metric ρΣ induced by Σ. By applying the Baire
category theorem and arguing as in the discrete case, one sees that any two such
word-metrics ρΣ1 and ρΣ2 are quasi-isometric, which shows that the compatible
left-invariant metric d is uniquely defined up to quasi-isometry by this procedure.
However, thus far, it seems that no one has been able to identify a well-defined
large scale geometry of metrisable topological groups beyond the locally compact.
Largely, this may be due to the presumed absence of canonical generating sets in
general metrisable groups as opposed to the finitely or compactly generated ones.
In the present paper, we offer a solution to this problem, which in many cases
allows one to isolate and compute a canonically defined metric on a metrisable
topological group G and thus to identify a unique quasi-isometry type of G.
Moreover, this quasi-isometry type satisfies the main characterics encountered in
the finitely or compactly generated settings, namely (i) that it is a topological
isomorphism invariant of G, (ii) that it is realised on G by some compatible left-
invariant metric and (iii) it is non-trivial, witnessed here by capturing all possible
large scale behaviour of G.
The theory of metrisable topological groups, in particular, Polish groups, has
seen tremendous progress in the last twenty years. For example, in the special
case of non-Archimedean Polish groups, studies have been done of their topo-
logical dynamics and of questions of amenability [32], the structure of conjugacy
classes and topological rigidity [33] and their representation theory [55]. Our goal
here is to add another facet to the theory, by providing the framework for the in-
troduction of more geometrical tools, connecting this with the structure of affine
isometric actions on Banach spaces and also by studying in detail the special case
of non-Archimedean Polish groups.
The basic idea of our paper is to replace the topological notion of compactness
by a metric notion, which we term the relative property (OB). Namely, a subset A
of a metrisable topological group G is said to have property (OB) relative to G if A
has finite diameter with respect to every left-invariant metric on G. Similarly, G is
said to have property (OB) [47] if it has property (OB) relative to itself, i.e., if G has
finite diameter with respect to every compatible left-invariant metric. Whereas,
by the theorem of Struble, the relative Property (OB) is equivalent to relative
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compactness in the case of locally compact second countable groups, this is far
from being the case for general metrisable groups. Indeed, a surprising num-
ber of these have property (OB) without being compact, e.g., the unitary group
U(H)with the strong operator topology [45], homeomorphism groups of spheres
Homeo(Sn) and of the Hilbert cube Homeo([0, 1]N) [47], the group of measure-
preserving automorphisms of a standard probability space Aut([0, 1]N) with the
weak topology [21], and, more generally, automorphism groups of separably-
categorical metric structures [47].
We then define a compatible left-invariant metric d on G to be metrically proper
if every set of finite d-diameter set has property (OB) relative to G and show that
any two such metrics on G will be coarsely equivalent. Moreover, the existence
of these metrics is characterised by the following theorem.
Theorem 1. A separable metrisable topological group G admits a metrically proper com-
patible left-invariant metric if and only if G has the local property (OB), i.e., there is a
neighbourhood of the identity having property (OB) relative to G.
Though many familiar groups do have the local property (OB), there are coun-
terexamples such as the infinite direct product of groups without property (OB),
e.g., ZN.
While the metrically proper metrics, when they exist, uniquely define the
coarse equivalence class of a metrisable group G, they do not suffice to define
its quasi-isometry class. For that, we isolate a more restrictive class of metrics.
Note first that we may define an ordering on the class of compatible left-invariant
metrics on G by letting ∂ . d if there is a constant K so that ∂ 6 K · d+K. We then
define a metric d to be maximal if it maximal with respect to this ordering. Note
that any two maximal metrics are necessarily quasi-isometric. Moreover, they can
be characterised as follows.
Proposition 2. The following conditions are equivalent for a metrically proper compatible
left-invariant metric d on a metrisable group G,
(1) d is maximal,
(2) (G, d) is large scale geodesic,
(3) there is α > 0 so that Σ = {g ∈ G ∣∣ d(g, 1) 6 α} generates G and d is
quasi-isometric to the word metric ρΣ.
Similarly to the locally compact case, their existence is characterised by G hav-
ing an appropriate generating set.
Theorem 3. A separable metrisable group G admits a maximal compatible left-invariant
metric d if and only if G is generated by an open set with property (OB) relative to G.
The quasi-isometry type of a metrisable group G, when it exists, is then that
given by a maximal compatible left-invariant metric. A reassuring fact about this
definition is that it is a conservative extension of the existing theory. Namely,
as the relative property (OB) in a locally compact group coincides with relative
compactness, one sees that our definition of the quasi-isometry type of a com-
pactly generated locally compact group coincides with the classical one given in
terms of word metrics for compact generating sets. But, moreover, as will be
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shown, if (X, ‖·‖) is a Banach space, then the norm-metric will be maximal on
the underlying additive group (X,+), whereby (X,+) will have a well-defined
quasi-isometry type, namely, that of (X, ‖·‖). Thus, nothing essentially new will
be said on these two classes of objects.
With the aid of the Milnor–Sˇvarc theorem [39, 54] adapted to our setting, we
are then capable of computing the quasi-isometry type of a number of different
groups. A part from the groups with property (OB) that will be quasi-isometric to
the one-point metric space, and the compactly generated locally compact groups
and Banach spaces discussed above, we mention the following examples (some
of which are studied in the companion paper [50]).
• The groups of affine isometries of X = Lp and X = ℓp, 1 < p < ∞,
equipped with the topology of pointwise convergence are quasi-isometric
to the Banach space X.
• The automorphism group Aut(T) of the ℵ0-regular tree T is quasi-iso-
metric to T. Similarly for the group Aut(T, e) of automorphisms of T
fixing a given end e.
• The isometry group Isom(U) of the Urysohn metric space U is quasi-
isometric to U.
Since the Banach spaces Lp and ℓp, 1 < p < ∞, are known to all belong to distinct
quasi-isometry classes, the same holds for their affine isometry groups, whereby,
in particular, these latter cannot be isomorphic as topological groups.
The second part of the paper concerns the interplay between the large scale
geometry of a group G and its affine isometric actions on Banach spaces. Possibly
the seminal result in this area is due to U. Haagerup [24], who showed that the
free group on finitely many generators admits a proper affine isometric action
on Hilbert space, but the subject has since broadened to include less regular
types of Banach spaces [4]. One motivation for this study is that embeddability
into Banach spaces provide an eminent domain for the calibration of various
geometric properties of metric spaces, e.g., in terms of the convexity properties
of the Banach space.
Our first result uses a well-known construction due to R. F. Arens and J. Eells
[3] to show that every metrisable group G carrying a metrically proper compati-
ble left-invariant metric admits a proper affine isometric action on some Banach
space. We subsequently generalise a construction due to I. Aharoni, B. Maurey
and B. S. Mityagin [1] to show that amenable metrisable groups admit metrically
proper affine isometric actions on Hilbert space if and only if they have uniformly
continuous coarse embeddings into Hilbert space.
Assuming a stronger version of amenability, namely, that the group G is ap-
proximately compact, we use techniques originating in work of V. Pestov [42] to
show that G admit metrically proper affine isometric actions on super-reflexive
spaces, respectively on spaces with Rademacher type p and cotype q, if and only
if G has a uniformly continuous coarse embedding into a space of the same kind.
Our final result highlights the difference with the theory for locally compact
groups. Namely, N. Brown and E. Guentner [13] have shown that every finitely
generated group admits a proper affine isometric action on a reflexive Banach
space and this was generalised in [25] to compactly generated locally compact
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groups. However, the generalisation to metrisable groups fails and thus reflexiv-
ity becomes a non-trivial restriction. Though we have not been able to determine
exactly which metrisable groups act properly on reflexive spaces, a sufficient cri-
terium is given by the following result.
Theorem 4. Suppose d is a metrically proper metric on G and that, for all α > 0, there
is a continuous weakly almost periodic function φ ∈ ℓ∞(G) with d-bounded support so
that φ ≡ 1 on the ball Dα = {g ∈ G
∣∣ d(g, 1) 6 α}. Then G admits a metrically proper
continuous affine isometric action on a reflexive Banach space.
The hypotheses of this theorem are verified whenever the metric d is more-
over stable in the sense of J.-L. Krivine and B. Maurey [35], whence the following
corollary.
Corollary 5. Suppose a topological group G carries a compatible left-invariant metrically
proper stable metric. Then G admits a metrically proper continuous affine isometric action
on a reflexive Banach space.
For a particular instance of this, let us just mention a result of [50] stating
that if M is a countable atomic model of a stable first-order theory T, whose
automorphism group Aut(M) has the local property (OB), then Aut(M) admits
a metrically proper stable metric.
The third and last part of our study is separated into a companion paper [50],
which treats the subcase of non-Archimedean Polish groups, i.e., automorphism
groups of countable first-order structures.
Acknowledgement. I wish to thank P. de la Harpe, W. B. Johnson and A. Pillay
for helpful comments on and answers to the subject presented here.
2. Basic theory
2.1. The relative property (OB). Let us begin by recalling that a metrisable topo-
logical group is a topological group G whose topology can be induced by some
metric. Thus, the metric is not part of the given. Also, while separability is oc-
casionally an issue in our study, this is not so for complete metrisability, i.e., that
the topology on G can be given by a complete metric. In fact, for our purposes,
G can be considered to be equivalent with all of its dense subgroups, as long as
these are given the topology induced from G.
As mentioned in the introduction, the following definition is central to the rest
of the paper. It is a rather trivial generalisation of the concept of groups with
property (OB), which was initially considered in [47] and also independently by
Y. de Cornulier.
Definition 6. Let A be a subset of a metrisable group G. We say that A has property
(OB) relative to G if A has finite diameter with respect to every compatible left-invariant
metric on G.
Here (OB) is an abbreviation of orbites borne´es, i.e., bounded orbits, which refers
to the fact that, if G y (X, d) is a continuous isometric action of G on a metric
space (X, d) and A has property (OB) relative to G, then A · x has finite diameter
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in X for all x ∈ X. This follows from the fact that, if ∂ denotes a compatible left-
invariant metric on G (which exists by the Birkhoff–Kakutani metrisation theorem
discussed below), then D(g, f ) = d(gx, f x) + ∂(g, f ) is also compatible and left-
invariant.
The following observation will be used repeatedly in the following.
Lemma 7. Let d be a left-invariant metric on a group G and let A, B ⊆ G be subsets of
finite d-diameter. Then also A · B = {ab ∣∣ a ∈ A & b ∈ B} and A−1 = {a−1 ∣∣ a ∈ A}
have finite d-diameter.
Proof. Just note that for a ∈ A and b ∈ B,
d(1, ab) 6 d(1, a) + d(a, ab) = d(1, a) + d(1, b) 6 sup
g∈A
d(1, g) + sup
f∈B
d(1, f )
so the products ab have a bounded distance to 1 and A · B is d-bounded. Similarly,
d(a−1, 1) = d(aa−1, a) = d(1, a) 6 supg∈A d(1, g). 
It follows immediately from the Lemma 7 that the class of subsets having
property (OB) relative to G is an ideal, i.e., is hereditary and closed under taking
finite unions, and, moreover, is closed under taking products and inverses of sets.
We remark also that, if d is a compatible left-invariant metric on G, then
∂(g, h) = d(g−1, h−1) defines a compatible right-invariant metric on G and vice
versa. Using this observation and Lemma 7, we see that a subset A has finite di-
ameter with respect every compatible left-invariant metric if and only if A−1 has
finite diameter with respect every compatible left-invariant metric, which again
is equivalent to A having finite diameter with respect every compatible right-
invariant metric. It follows that property (OB) relative to G is equivalently de-
fined in terms of boundedness with respect to compatible right-invariant metrics
on G.
The fundamental result on metrisability of topological groups is the metrisa-
tion theorem of G. Birkhoff [10] and S. Kakutani [28] stating that a Hausdorff
topological group admits a compatible left-invariant metric if and only if it is
first countable (henceforth all topological groups considered will be supposed
Hausdorff). In particular, every metrisable topological group admits a compati-
ble left-invariant metric. However, not every metrisable group admits a compat-
ible two-sided invariant metric. The class of those that do was determined by V.
Klee [34] as the so called SIN groups (for small invariant neighbourhoods), namely
those that furthermore admit a neighbourhood basis at 1 consisting of conjugacy
invariant sets.
The underlying fundamental fact for Birkhoff’s proof of the metrisation theo-
rem is the following lemma.
Lemma 8. Let G be a topological group and (Vn)n∈Z a neighbourhood basis at the
identity consisting of open sets satisfying, for all n ∈ Z,
(1) Vn = V−1n ,
(2) G =
⋃
n∈Z Vn,
(3) V3n ⊆ Vn+1.
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Define δ(g1, g2) = inf
(
2n
∣∣ g−12 g1 ∈ Vn) and put
d(g1, g2) = inf
( k−1
∑
i=0
δ(hi, hi+1)
∣∣ h0 = g1, hk = g2
)
.
Then
δ(g1, g2) 6 2 · d(g1, g2) 6 2 · δ(g1, g2)
and d is a compatible left-invariant metric on G.
Nevertheless, the Birkhoff construction will, in general, be too crude for our
purposes, as the balls Bǫ = {g ∈ G
∣∣ d(g, 1) 6 ǫ} increase too fast with ǫ → ∞
and, similarly, decrease to fast with ǫ → 0+. We shall mention that, at least
for small distances, the more elaborate construction of Kakutani gives a tighter
control on the behaviour of the metric.
Reprising this construction, R. Struble [53] showed that any metrisable (i.e.,
second countable) locally compact group admits a compatible left-invariant proper
metric, i.e., so that all bounded sets are relatively compact. To do this, one can
simply choose the Vn of Lemma 8 to be relatively compact.
However, it is not possible to combine the results of Klee and Struble to con-
clude that a locally compact second countable SIN group admits a two-sided
invariant proper metric. For a simple counter-example, take a countable discrete
group Γ with an infinite conjugacy class C ⊆ Γ. Then, if d is a compatible two-
sided invariant metric on Γ, pick g ∈ C and note that d( f g f−1, 1) = d(g, 1) for all
f ∈ Γ, i.e., C lies on a sphere around 1, showing that d cannot be proper.
Finally, S. Kakutani and K. Kodaira [29] showed that if G is locally compact,
σ-compact, then for any sequence Un of neighbourhoods of the identity there is a
compact normal subgroup K ⊆ ⋂n Un so that G/K is metrisable.
From Struble’s theorem, the following observation is immediate.
Lemma 9. A subset A of a locally compact second countable group G has property (OB)
relative to G if and only if A is relatively compact in G.
For non-locally compact G, the situation is somewhat more interesting.
Lemma 10. Suppose G is a separable metrisable group and U is a symmetric neighbour-
hood of 1. Then there is a compatible left-invariant metric d on G so that the following
are equivalent for all subsets A ⊆ G,
(1) A has finite d-diameter,
(2) there are a finite subset F ⊆ G and some k > 1 so that A ⊆ (FU)k.
Proof. Let F0 = {1} ⊆ F1 ⊆ F2 ⊆ F3 ⊆ . . . ⊆ G be an increasing sequence of
symmetric finite sets whose union
⋃
n Fn is dense in G. Define Vn = (FnUFn)
3n
and note that each Vn is symmetric with
V3n =
(
(FnV0Fn)
3n
)3 ⊆ (Fn+1V0Fn+1)3n+1 = Vn+1.
Define also a neighbourhood basis
V0 ⊇ V−1 ⊇ V−2 ⊇ . . . ∋ 1
at 1 consisting of symmetric open sets with V3n ⊆ Vn+1 for all n. Note that since⋃
n Fn is dense in G and V0 = U is non-empty open, we have G =
⋃
n∈Z Vn.
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Let now d denote the compatible left-invariant metric defined from (Vn)n∈Z via
Lemma 8. Then, U has finite d-diameter, since, by Lemma 8, d(g, 1) 6 δ(g, 1) 6
20 = 1 for all g ∈ U = V0. It follows, by Lemma 7, that (FU)k has finite d-diameter
for all finite F ⊆ G and k > 1, which shows (2)⇒(1).
For (1)⇒(2), simply note that if A ⊆ G has finite d-diameter, then, by Lemma
8, we have A ⊆ Vn = (FnUFn)3n for some n > 1. Since Fn is finite, the result
follows. 
Lemma 11. The following are equivalent for a subset A of a separable metrisable group
G,
(1) A has property (OB) relative to G,
(2) for every open V ∋ 1 there are a finite subset F ⊆ G and some k > 1 so that
A ⊆ (FV)k.
Proof. (1)⇒(2): Suppose A has property (OB) relative to G and that V ∋ 1 is
open. Then A has finite diameter with respect to the metric d constructed in
Lemma 10 from U = V ∩ V−1 and thus, by (1)⇒(2) of the same lemma, we have
that A ⊆ (FU)k ⊆ (FV)k for some finite F ⊆ G and k > 1.
(2)⇒(1): Suppose that (2) holds and that d is a continuous left-invariant metric.
Then the open ball V = {g ∈ G ∣∣ d(g, 1) < 1} is a neighbourhood of 1 and so
A ⊆ (FV)k for some finute F ⊆ G and k > 1. By Lemma 7, A must have finite
d-diameter. 
We remark that Lemmas 10 and 11 may fail when G is no longer required to
be separable. To see this, let Sym(N) denote the group of all (not necessarily
finitely supported) permutations of N and equip it with the discrete topology.
Then U = {1} is a symmetric neighbourhood of the identity and thus Sym(N) 6⊆
(FU)k = Fk for all finite F ⊆ Sym(N) and k > 1. Nevertheless, it follows from
the main result of G. M. Bergman’s paper [9] that every left-invariant metric on
Sym(N) has bounded diameter and hence Sym(N) has property (OB) relative to
itself.
In a general metrisable (as opposed to locally compact) group, the class of
relatively compact sets may be very small and not shed much light on the large
or even small scale geometry of the group. In the course of our study we shall
see that, for metric purposes, the class of subsets with property (OB) relative to
G largely replaces the relatively compact sets to the extent that the analogy is
occasionally almost trivial.
Definition 12. Let (gn) be a sequence in a metrisable group G. We say that (gn) tends
to infinity and write gn → ∞ if there is a compatible left-invariant metric d on G so that
d(gn, 1)→ ∞.
Thus, a subset A ⊆ G has property (OB) relative to G if and only if there is no
sequence (gn) ⊆ A so that gn → ∞.
Also, in a locally compact second countable group G, one has gn → ∞ if
and only if (gn) eventually leaves every compact set or, equivalently, eventually
leaves every set with property (OB) relative to G. This, of course, corresponds to
the standard use of the notation gn → ∞.
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Similarly, in a metrisable group G, we note that, if gn → ∞, then (gn) has no
subsequence with property (OB) relative to G or, equivalently, that (gn) eventually
leaves every set with property (OB) relative to G. It is tempting to believe that this
is actually a characterisation of gn → ∞. Though, as noted above, this is indeed
the case in a locally compact second countable group, we shall see that this is
not true in general and, e.g., fails in the product Γ1 × Γ2 × . . . of infinite discrete
groups.
Proposition 13. Let H = G1 × G2 × . . . be the product of metrisable groups Gn. Then
(1) a subset A ⊆ H has property (OB) relative to H if and only if A is contained in
a product B1 × B2 × . . . of subsets Bi ⊆ Gi with property (OB) relative to Gi,
(2) a sequence (hn) in H satisfies hn → ∞ if and only if there is some k so that
projG1×...×Gk(hn) −→n→∞ ∞
in G1 × . . .× Gk.
Proof. (2) Let (hn) be a sequence in H. Assume first that hn → ∞, as witnessed by
some compatible left-invariant metric d. Since d is compatible with the topology
of H, we can find a basic neighbourhood
U = V1 × . . .×Vk × Gk+1 × Gk+2 × . . .
of the identity in H so that U ⊆ {h ∈ H ∣∣ d(h, 1) 6 1}. In particular, the
subgroup Gk+1 × Gk+2 × . . . has finite d-diameter. Write now hn = anbn, where
an ∈ G1 × . . .× Gk and bn ∈ Gk+1 × Gk+2 × . . .. Then
d(hn, 1) = d(anbn, 1) 6 d(an, 1) + d(bn, 1) 6 d(an, 1) + diamd(Gk+1 × Gk+2 × . . .),
whereby, as d(hn, 1)→ ∞, we have d(an, 1)→ ∞ and thus also projG1×...×Gk(hn) =
an → ∞.
Conversely, suppose that projG1×...×Gk(hn) −→n→∞ ∞ for some k, as witnessed by
some compatible left-invariant metric ∂1 on G1 × . . . × Gk. Fix also a compat-
ible left-invariant metric ∂2 on Gk+1 × Gk+2 × . . . and let d be defined on H
by d(g1g2, f1 f2) = ∂1(g1, f1) + ∂2(g2, f2) for g1, f1 ∈ G1 × . . . × Gk and g2, f2 ∈
Gk+1 × Gk+2 × . . .. Then d(hn, 1)→ ∞, showing that hn → ∞ in H.
(1) Suppose first that Bi ⊆ Gi for all i and assume that B1 × B2 × . . . fails
property (OB) relative to H. Then there is a sequence (hn) in B1× B2× . . . so that
hn → ∞ and thus also
projG1×...×Gk(hn) −→n→∞ ∞
for some specific k > 1. Fix a compatible left-invariant metric d on G1 × . . .× Gk
witnessing this. Writing hn = bn,1bn,2 · · · bn,k with bn,i ∈ Bi, we have that
d(hn, 1) 6 d(bn,1, 1) + d(bn,2, 1) + . . .+ d(bn,k, 1),
whereby there must be some m 6 k and a subsequence (bni,m)i satisfying that
d(bni,m, 1)−→
i→∞
∞. Since d restricts to a compatible left-invariant metric on Gm, this
shows that Bm fails property (OB) relative to Gm.
Conversely, suppose A ⊆ H has property (OB) relative to H. Then there is no
sequence (hn) in A with hn → ∞, which by (2) implies that, for every k, there can
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be no sequence ( fn) in projGk(A) so that fn → ∞. In other words, Bk = projGk(A)
has property (OB) relative to Gk for every k and A ⊆ B1 × B2 × . . .. 
Proposition 14. Let G1,G2, . . . be an infinite sequence of metrisable groups without
property (OB) and set H = G1 × G2 × . . .. Then there is a sequence (hm) of elements in
H that eventually leaves every set with property (OB) relative to H, but so that hm 6→ ∞.
Proof. Since each Gn fails property (OB), it contains a sequence (an,m)m∈N tending
to ∞. We define
fn,k = (a1,k, a2,k, . . . , ak−1,k, ak,k, ak+1,n, ak+2,n, . . .) ∈ H
and well-order the double sequence ( fn,k)(n,k)∈N2 in ordertype N. Now, for every
k, we have
projG1×...×Gk( fn,m) = (a1,k, a2,k, . . . , ak−1,k, ak,k)
for an infinite number of (n,m) ∈ N2, which, by Proposition 13 (2), shows that
( fn,m)(n,m)∈N2 does not tend to infinity in H.
On the other hand, to see that ( fn,m)(n,m)∈N2 eventually leaves every set with
property (OB) relative to H, we have to see that, whenever Bi ⊆ Gi have property
(OB) relative to Gi, then only finitely many fn,m belong to B1 × B2 × . . .. So fix
k0 large enough so that a1,k /∈ B1 for k > k0 and n0 so that ak0,n /∈ Bk0 for all
n > n0. Suppose that fn,k ∈ B1 × B2 × . . .. As the first coordinate of fn,k is a1,k,
this implies that k < k0 and hence also that the k0th coordinate of fn,k is ak0,n. As
we must have ak0,n ∈ Bk0 , we furthermore see that n < n0. So only finitely many
fn,m belong to B1 × B2 × . . .. 
The following definition will be important in the next section.
Definition 15. A metrisable group G is said to have the local property (OB) if there is
a neighbourhood U ∋ 1 with property (OB) relative to G.
By Lemma 13 (1), we immediately see that an infinite product H = G1 × G2 ×
. . . of metrisable groups without property (OB), e.g., H = ZN, cannot have the
local property (OB).
Though the relative property (OB) to a large extent is analogous to relative
compactness in locally compact groups, there is one major difference which
should be kept in mind. Namely, if G is locally compact second countable and
H 6 G is a locally compact subgroup, then H is closed in G and thus a subset
A ⊆ H is relatively compact in H if and only if it is relatively compact in G.
On the other hand, as shown by V. V. Uspenskiı˘ [57], every Polish group is H
isomorphic to a closed subgroup of Homeo([0, 1]N) and by [47] this latter group
has property (OB). Thus, every Polish group H has property (OB) with respect to
some ambient Polish group.
2.2. Metrically proper metrics. Our aim is now to define and investigate the
metric equivalent of proper metrics on locally compact groups. However, in con-
tradistinction to locally compact metrisable groups, that by Struble’s theorem
always admit proper metrics, these may not exist on separable metrisable groups.
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Definition 16. Let F : (X, dX) → (Y, dY) be a (possibly discontinuous) map between
metric spaces (X, dX) and (Y, dY). We define the compression modulus κ1 : [0,∞[→
[0,∞] of F by
κ1(t) = inf
(
dY(Fx1, Fx2)
∣∣ dX(x1, x2) > t)
and the expansion modulus κ2 : [0,∞[→ [0,∞] by
κ2(t) = sup
(
dY(Fx1, Fx2)
∣∣ dX(x1, x2) 6 t).
Remark that κ1 and κ2 are non-decreasing functions and that F is uniformly
continuous exactly when limt→0+ κ2(t) = 0. Also, F is a uniform embedding, i.e., a
uniform homeomorphism with its image, if and only if F is uniformly continuous
and κ1(t) > 0 for all t > 0.
We can now use our compression and expansion moduli to identify several
classes of maps between metric spaces by their behaviour on large distances.
Unfortunately, there is not general agreement on the terminology in this area, but
only on which classes of maps to be studied.
Definition 17. A map F : (X, dX) → (Y, dY) between metric spaces is said to be
(1) metrically proper if F[A] has infinite dY-diameter for every set A ⊆ X of
infinite dX-diameter,
(2) expanding if limt→∞ κ1(t) = ∞,
(3) bornologous if κ2(t) < ∞ for all t ∈ [0,∞[,
(4) Lipschitz for large distances if there is a constant K > 1 so that
dY(Fx1, Fx2) 6 K · dX(x1, x2),
whenever dX(x1, x2) > K,
(5) Lipschitz for short distances if there are constants K > 1 and ǫ > 0 so that
dY(Fx1, Fx2) 6 K · dX(x1, x2),
whenever dX(x1, x2) 6 ǫ,
(6) cobounded if supy∈Y dY(y, F[X]) < ∞,
(7) a quasi-isometric embedding if there is a constant K > 1 so that
1
K
dX(x1, x2) 6 dY(Fx1, Fx2) 6 K · dX(x1, x2),
whenever dX(x1, x2) > K,
(8) a coarse embedding if F is both expanding and bornologous,
(9) a quasi-isometry between (X, dX) and (Y, dY) if F is a cobounded quasi-
isometric embedding,
(10) a coarse equivalence between (X, dX) and (Y, dY) if F is a cobounded coarse
embedding.
A few words on equivalent formulations of these concepts are in order.
(i) Note that F is metrically proper if and only if F−1(B) has finite diameter for
every set B ⊆ Y of finite diameter, which happens if and only if dY(Fx0, Fxn) → ∞
whenever (xn)∞n=0 is a sequence in X satisfying dX(x0, xn)→ ∞.
(ii) Expanding is simply a uniform version of being metrically proper. Equiv-
alently, F is expanding if and only if, for all R > 0, there is S > 0 so that
dX(x1, x2) > S ⇒ dY(Fx1, Fx2) > R.
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(iii) Similarly, F is bornologous if and only if, for all R > 0, there is S > 0 so
that
dX(x1, x2) < R ⇒ dY(Fx1, Fx2) < S.
Thus, a bijection F is bornologous if and only if F−1 is expanding.
(iv) F is Lipschitz for large distances if and only if κ2 is bounded by an affine
function, i.e., if there are constants K,C so that
dY(Fx1, Fx2) 6 K · dX(x1, x2) + C.
(v) F is Lipschitz for short distances if and only if it is uniformly continuous
and its modulus of uniform continuity is bounded below in a neighbourhood of
0 by a positive linear function.
(vi) F is a quasi-isometry between (X, dX) and (Y, dY) if and only if F is a quasi-
isometric embedding and there is a quasi-isometric embedding H : (Y, dY) →
(X, dX) so that H ◦ F is close to idX and F ◦ H is close to idY. Here two maps
φ,ψ : Z → (V, d) are close if supz∈Z d(φ(z),ψ(z)) < ∞. A similar reformulation is
valid for coarse equivalence.
(vii) Defining metric spaces (X, dX) and (Y, dY) to be quasi-isometric or coarsely
equivalent if there is a quasi-isometry, respectively a coarse equivalence, from
(X, dX) to (Y, dY), we see using (vi) that these notions are indeed equivalence
relations on the class of metric spaces.
Definition 18. A compatible left-invariant metric d on a topological group G is said to
be metrically proper if d(gn, 1)→ ∞ whenever gn → ∞.
We now have the following characterisation of metrically proper left-invariant
metrics.
Lemma 19. The following are equivalent for a compatible left-invariant metric d on a
metrisable group G,
(1) d is metrically proper,
(2) for all A ⊆ G, we have diamd(A) < ∞ if and only if A has property (OB)
relative to G,
(3) for every compatible left-invariant metric ∂ on G, the mapping
id : (G, ∂)→ (G, d)
is metrically proper,
(4) for every compatible left-invariant metric ∂ on G, the mapping
id : (G, d)→ (G, ∂)
is bornologous.
Proof. (1)⇒(2): Suppose d is metrically proper and A ⊆ G is a subset without
property (OB) relative to G. Then there is some sequence gn ∈ A so that gn → ∞.
It follows that also d(gn, 1)→ ∞, whereby diamd(A) = ∞.
(2)⇒(3): Suppose that (2) holds and ∂ is a compatible left-invariant metric on
G. Then any set A of infinite ∂-diameter must fail to have property (OB) relative
to G and thus, by (2), must have infinite d-diameter.
(3)⇒(4): Assume that (4) fails, i.e., that there are a compatible left-invariant
metric ∂ on G, a constant K > 0 and gn, fn ∈ G so that d(gn, fn) < K, but that
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∂(gn, fn) → ∞. Then, by left-invariance, we have d( f−1n gn, 1) = d(gn, fn) < K
and ∂( f−1n gn, 1) = ∂(gn, fn) → ∞, which shows that { f−1n gn}n∈N has infinite
∂-diameter, but finite d-diameter, which implies the failure of (3).
(4)⇒(1): If d is not metrically proper, there is a sequence gn → ∞ so that
d(gn, 1) 6→ ∞. Then, if ∂ is a compatible left-invariant metric so that ∂(gn, 1)→ ∞,
we see that (4) fails for ∂. 
We note that, by condition (4) of Lemma 19, if d and ∂ are two metrically
proper compatible left-invariant metrics on G, then the identity map is a coarse
equivalence between (G, d) and (G, ∂). It follows that a map into a metric space,
f : G → (X, dX), is bornologous with respect to d if and only if it is bornologous
with respect to ∂. Similarly with “metrically proper” in place of “bornologous”.
Therefore, for groups G admitting such metrics, we can talk of bornologous and
metrically proper maps without referring to any specific choice of metric on G.
Definition 20. Two compatible left-invariant metrics d and ∂ on a group G are said to
be coarsely equivalent or quasi-isometric if the identity map is a coarse equivalence,
respectively a quasi-isometric equivalence, between (G, d) and (G, ∂).
Since metrically proper metrics are all coarsely equivalent, we define the coarse
equivalence class of G to be that determined by any metrically proper compatible
left-invariant metric, provided such a metric exists.
Though far from being an equivalent reformulation, the following criterion is
useful in identifying metrically proper metrics.
Example 21. Suppose that d is a compatible left-invariant geodesic metric on G,
i.e., so that any two elements g, f ∈ G are connected by a continuous path of
length d(g, f ). Then d is metrically proper.
To see this, suppose that ∂ is another compatible left-invariant metric on G.
Since d and ∂ are equivalent, there is some ǫ > 0 so that the d-ball Bǫ = {g ∈
G
∣∣ d(g, 1) 6 ǫ} has finite ∂-diameter. As d is geodesic, we see that, for all n > 1
and f ∈ Bnǫ, there are g0 = 1, g1, g2, . . . , gn−1, gn = f so that d(1, g−1i gi+1) =
d(gi, gi+1) = ǫ, whence f = (g0g
−1
1 ) · (g−11 g2) · · · (g−1n−1gn) ∈
(
Bǫ)n. In other
words,
(
Bǫ)n = Bnǫ. Since
(
Bǫ)n has finite ∂-diameter for all n, it follows that
every d-bounded set is ∂-bounded, which verifies condition (3) of Lemma 19.
We mention that, of course, much weaker conditions on d suffice for this ar-
gument. Indeed, we only need that, for all ǫ > 0 and K > 0, there is some
m = m(ǫ,K) so that every two elements f , g ∈ G with d( f , g) 6 K can be con-
nected by a path h0 = f , h1, h2, . . . , hm = g where d(hi, hi+1) 6 ǫ for all i.
Example 22. Consider the additive group (X,+) of a Banach space (X, ‖·‖). Since
X is clearly geodesic with respect to the metric induced by the norm, by Example
21, we see that this latter is metrically proper on (X,+).
It is now time to characterise groups admitting a metrically proper compatible
metric.
Theorem 23. The following are equivalent for a separable metrisable group G,
(1) G admits a metrically proper compatible left-invariant metric,
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(2) G has the local property (OB).
Proof. (2)⇒(1): Suppose U ∋ 1 is a symmetric open neighbourhood of 1 with
property (OB) relative to G and let d denote the metric on G given by Lemma
10. We claim that d is metrically proper. To see this, we verify condition (2) of
Lemma 19. So suppose that A ⊆ G has finite d-diameter. Then, by Lemma 10,
there are a finite set F ⊆ G and k > 1 so that A ⊆ (FU)k, which, since U has finite
diameter with respect to every compatible left-invariant metric, implies that also
A has finite diameter with respect to every compatible left-invariant metric. In
other words, A has property (OB) relative to G, thus verifying condition (2) of
Lemma 19.
(1)⇒(2): Note that if d is metrically proper, then there is no sequence gn in
U = {g ∈ G ∣∣ d(g, 1) < 1} so that gn → ∞, i.e., U has property (OB) relative to
G. 
Example 24. Again, Theorem 23 fails without the assumption of separability.
To see this, consider the free non-abelian group Fℵ1 on ℵ1 generators (aξ)ξ<ℵ1
(ℵ1 is the first uncountable cardinal number). When equipped with the discrete
topology, Fℵ1 is metrisable and has the local property (OB). On the other hand,
if d is any left-invariant metric on Fℵ1 , then some finite-diameter ball Bk = {g ∈
Fℵ1
∣∣ d(g, 1) 6 k} must contain a denumerable set of generators {aξ}ξ∈A ordered
as N. Noting that Fℵ1 = F(A) ∗ F(ℵ1 \ A), we can then choose some metric d1
on F(A) for which
d1(aξ , 1)−→
ξ∈A
∞
and any other metric d2 on F(ℵ1 \ A) and then define a metric ∂ on F(ℵ1) by
∂(g1 f1 · · · gn fn, 1) =
n
∑
i=1
(
d1(gi, 1) + d2( fi, 1)
)
for gi ∈ F(A) and fi ∈ F(ℵ1 \ A). Then ∂ witnesses that aξ −→
ξ∈A
∞ and hence
shows that d is not metrically proper.
Nonetheless, every left-invariant metric on the uncountable discrete group
Sym(N) is metrically proper, since any such metric is bounded by the main result
of [9].
Definition 25. An isometric action G y (X, d) of a metrisable group G on a metric
space (X, d) is said to be metrically proper if, for all x ∈ X, we have
d(gnx, x)→ ∞
whenever gn → ∞ in G.
Setting x to be the identity element 1 in G, one sees that a compatible left-
invariant metric d on G is metrically proper if and only if the left-multiplication
action Gy (G, d) is metrically proper.
Proposition 26. The following are equivalent for a separable metrisable group G,
(1) G admits a metrically proper compatible left-invariant metric,
(2) G admits a metrically proper continuous isometric action on a metric space.
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Proof. (2)⇒(1): Supose G y (X, d) is a metrically proper continuous isometric
action on a metric space and let D be any compatible left-invariant metric on G.
Fix any x ∈ X and define ∂(g, f ) = d(gx, f x) + D(g, f ) and note that ∂ is left-
invariant, continuous and ∂ > D, whereby it is compatible with the topology on
G. Moreover, since the action is metrically proper, so is the metric ∂. 
2.3. Left and right-invariant geometric structures. As mentioned earlier, even if
G has a compatible two-sided invariant metric and a compatible metrically proper
left-invariant metric, it may not have a compatible metric that is simultaneously
metrically proper and two-sided invariant. However, those groups that do are
easily characterised by the following theorem.
Theorem 27. The following are equivalent for a separable metrisable group G,
(1) G admits a metrically proper two-sided invariant compatible metric d,
(2) G is a SIN group, has the local property (OB) and, if a subset A has property
(OB) relative to G, then so does AG = {gag−1 ∣∣ a ∈ A & g ∈ G}.
Proof. The implication (1)⇒(2) is trivial since every d-ball is conjugacy invariant
in G.
For the implication (2)⇒(1), note that, since G is a SIN group, we can find a
neighbourhood basis V0 ⊆ V−1 ⊇ V−2 ⊇ . . . ∋ 1 at the identity consisting of con-
jugacy invariant symmetric open sets. Moreover, since G has the local property
(OB), some Vn has property (OB) relative to G. Without loss of generality, we can
assume that this happens already for V0. Now, by iteration, define
Vn+1 = V
3
n ∪ {g ∈ G
∣∣ d(g, 1) < n}G.
Then each Vn is symmetric open, conjugacy invariant, has property (OB) relative
to G, G =
⋃
n Vn and V
3
n ⊆ Vn+1. It follows that the metric defined from (Vn)n∈Z
via Lemma 8 is two-sided invariant, metrically proper and compatible with the
topology on G. 
Even for a non-SIN group G, the large scale structure may be two-sided invari-
ant, as, for example, is the case with S∞ × Z, which is non-SIN, but, as S∞ has
property (OB), is abelian at the large scale. Again, this admits a charaterisation
as in Theorem 27.
Theorem 28. The following are equivalent for a metrisable group G and compatible
metrically proper left-invariant metric d on G,
(1) for every compatible right-invariant metric ∂ on G, the mapping
id : (G, d)→ (G, ∂)
is bornologous,
(2) if a subset A has property (OB) relative to G, then so does AG.
Proof. (1)⇒(2): Suppose that (1) holds and that A is a subset with property (OB)
relative to G. Without loss of generality, we may assume that 1 ∈ A. Let
∂(g, h) = d(g−1, h−1), which is a compatible right-invariant metric, whereby
id : (G, d) → (G, ∂) is bornologous. There is therefore some K > 0 so that
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∂(g, h) 6 K, whenever d(g, h) 6 diamd(A). It follows that, for all a ∈ A and
g ∈ G, we have
d(g, ga−1) = d(1, a−1) = d(a, 1) 6 diamd(A),
whereby
d(1, gag−1) = d(g−1, ag−1) = ∂(g, ga−1) 6 K.
It follows that diamd(A
G) 6 2K, which, as d is metrically proper, implies that AG
has property (OB) relative to G.
(2)⇒(1): Assume that (2) holds and that ∂ is a compatible right-invariant metric
on G. Fix C > 0, whereby {g ∈ G ∣∣ d(g, 1) 6 C}G has property (OB) relative to
G. Now, since the relative property (OB) is equivalently defined in terms of
boundedness for right-invariant metrics, there is a K such that
{g ∈ G ∣∣ d(g, 1) 6 C}G ⊆ {h ∈ G ∣∣ ∂(h, 1) 6 K}.
Then, if d(g, h) 6 C, also d(h−1g, 1) 6 C and thus ∂(g, h) = ∂(gh−1, 1) =
∂
(
h(h−1g)h−1, 1
)
6 K, showing that id : (G, d)→ (G, ∂) is bornologous. 
Before stating the next corollary, let us observe that if d is a metrically proper
left-invariant metric on G, then ∂ given by ∂(g, h) = d(g−1, h−1) is metrically
proper and right-invariant. This can be seen by noting that d-balls and ∂-balls
coincide.
Corollary 29. Suppose that dL and dR compatible metrically proper left-, respectively
right-invariant, metrics on G. Then id : (G, dL) → (G, dR) is a coarse equivalence if and
only if, whenever a subset A has property (OB) relative to G, then so does AG.
We designate the above situation by saying that the left and right geometric struc-
tures are coarsely equivalent.
We should remark that, since the relative property (OB) is equivalently char-
acterised by compatible right-invariant metrics, we have that, if d is metrically
proper and left-invariant, then id : (G, ∂) → (G, d) is metrically proper for ev-
ery compatible right-invariant ∂. However, by the above, id may fail to be so
uniformly, i.e., it may not be expanding.
2.4. Maximal metrics. Having studied the metric equivalent of proper metrics
on locally compact groups, we now focus on those that are quasi-isometric to the
word metrics induced by canonical generating sets.
Definition 30. A compatible left-invariant metric d on G is said to be maximal if, for
every other compatible left-invariant metric ∂ on G, the map
id : (G, d)→ (G, ∂)
is Lipschitz for large distances,
We remark that, unless G is discrete, this is really the strongest notion of max-
imality possible for d. Indeed, if G is non-discrete and thus d takes arbitrarily
small values, then
id : (G, d)→ (G,
√
d)
fails to be Lipschitz for small distances, while
√
d is a compatible left-invariant
metric on G.
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Also, since a map that is Lipschitz for large distances must be bornologous, we
see, by Lemma 19, that a maximal metric is always metrically proper. Moreover,
any two maximal metrics are clearly bi-Lipschitz equivalent for large distances,
i.e., are quasi-isometric.
Recall that, if Σ is a symmetric generating set for a group G, then we can define
an associated word metric ρΣ : G → N by
ρΣ(g, h) = min
(
k > 0
∣∣ ∃s1, . . . , sk ∈ Σ g = hs1 · · · sk).
Thus, ρΣ is a left-invariant metric on G, but, since it only takes values in N, it
will never be a compatible metric on G unless of course G is discrete. However,
in certain cases, this may be remedied.
Lemma 31. Suppose d is a compatible left-invariant metric on a topological group G so
that some ball Bǫ = {g ∈ G
∣∣ d(g, 1) 6 ǫ} generates G. Define ∂ by
∂( f , h) = inf
( n
∑
i=1
d(gi, 1)
∣∣∣ gi ∈ Bǫ & f = hg1 · · · gn
)
.
Then ∂ is a compatible left-invariant metric, quasi-isometric to the word metric ρBǫ .
Proof. By the continuity of d, ∂ is a continuous left-invariant e´cart, i.e., satisfies the
triangle inequality. Also, since ∂ > d, it is a metric generating the topology on G.
To see that ∂ is quasi-isometric to ρBǫ , note first that
∂( f , h) 6 ǫ · ρBǫ( f , h).
For the other direction, fix f , h ∈ G and find a shortest sequence g1, . . . , gn ∈ Bǫ
so that f = hg1 · · · gn and ∑ni=1 d(gi, 1) 6 ∂( f , h) + 1. Note that, for all i, we have
gigi+1 /∈ Bǫ, since otherwise we could coalesce gi and gi+1 into a single term
gigi+1 to get a shorter sequence where d(gigi+1, 1) 6 d(gi, 1) + d(gi+1, 1). It thus
follows that either gi /∈ B ǫ
2
or gi+1 /∈ B ǫ
2
, whereby there are at least n−12 terms gi
so that gi /∈ B ǫ
2
and hence d(gi, 1) >
ǫ
2 . In particular,
n− 1
2
· ǫ
2
<
n
∑
i=1
d(gi, 1) 6 ∂( f , h) + 1
and so, as ρBǫ( f , h) 6 n, we have
ǫ
4
· ρBǫ( f , h)−
(
1+
ǫ
4
)
6 ∂( f , h) 6 ǫ · ρBǫ( f , h)
showing that ∂ and ρBǫ are quasi-isometric. 
Let us also observe that, if Σ and ∆ are two symmetric generating sets for G so
that Σ ⊆ (F∆)n and ∆ ⊆ (EΣ)m for some finite sets F, E ⊆ G and n,m > 1, then
the two word metrics ρΣ and ρ∆ are quasi-isometric. Indeed, it suffices to notice
that, in this case, Σ is ρ∆-bounded and vice versa. This, in particular, applies
when Σ and ∆ both have property (OB) relative to G.
Definition 32. A metric space (X, d) is said to be large scale geodesic if there is K > 1
so that, for all x, y ∈ X, there are z0 = x, z1, z2, . . . , zn = y so that d(zi, zi+1) 6 K and
n−1
∑
i=0
d(zi, zi+1) 6 K · d(x, y).
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For example, if X is a connected graph, then the shortest path metric ρ on X
makes (X, ρ) large scale geodesic with constant K = 1.
We should note two well-known facts about large scale geodecity that can
easily be checked by hand.
Lemma 33. (1) Large scale geodecity is a quasi-isometric invariant of metric spaces.
(2) If F : (X, dX) → (Y, dY) is a bornologous map from a large scale geodesic space
(X, dX) to a metric space (Y, dY), then F is Lipschitz for large distances.
In our current setup, we can now characterise the maximal metrics among the
metrically proper ones.
Proposition 34. The following conditions are equivalent for a metrically proper compat-
ible left-invariant metric d on a metrisable group G,
(1) d is maximal,
(2) (G, d) is large scale geodesic,
(3) there is ǫ > 0 so that Bǫ = {g ∈ G
∣∣ d(g, 1) 6 ǫ} generates G and d is
quasi-isometric to the word metric ρBǫ .
Proof. (3)⇒(2): We note that the word metric ρBǫ is simply the shortest path metric
on the Cayley graph of (G, Bǫ), i.e., the graph whose vertex set is G and whose
edges are {g, gs}, for g ∈ G and s ∈ Bǫ. Thus, (G, ρBǫ) is large scale geodesic and,
since d is quasi-isometric to ρBǫ , so is (G, d).
(2)⇒(1): Assume that (G, d) is large scale geodesic with constant K > 1. Sup-
pose ∂ is any other compatible left-invariant metric on G. Since d is metrically
proper, the identity map from (G, d) to (G, ∂) is bornologous. By Lemma 33, it
follows that it is also Lipschitz for large distances, showing the maximality of d.
(1)⇒(3): Suppose d is maximal. We claim that G is generated by some closed
ball Bk = {g ∈ G
∣∣ d(g, 1) 6 k}. Note that, if this fails, then G is the increasing
union of the chain of proper open subgroups Vn = 〈Bn〉, n > 1. However, it is
now easy, using Lemma 8, to construct a new metric from the Hk contradicting
the maximality of d. First, complementing with a neighbourhood basis V0 ⊇
V−1 ⊇ V−2 ⊇ . . . ∋ 1 of symmetric open sets so that V3−n ⊆ V−n+1, and letting
∂ denote the metric obtained via Lemma 8 from (Vn)n∈Z, we see that, for all
g ∈ Bn \Vn−1 ⊆ Vn \Vn−1, we have
∂(g, 1) > 2n−1 > n > d(g, 1).
Since Bn \Vn−1 6= ∅ for infinitely many n > 1, this contradicts the maximality of
d and therefore G = Vk = 〈Bk〉 for some k > 1.
Let now ∂ denote the metric obtained from Bk and d via Lemma 31. Then d 6 ∂
and, since d is maximal, we have ∂ 6 K · d+ C for some constants K,C, showing
that d and ∂ are quasi-isometric. 
Thus, the maximal metrics on a metrisable group G are simply the compatible
left-invariant metrics in the quasi-isometry class of word metrics ρΣ, where Σ is
any symmetric open generating set with property (OB) relative to G.
Theorem 35. The following are equivalent for a separable metrisable group G,
(1) G admits a maximal compatible left-invariant metric d ,
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(2) G is generated by an open set with property (OB) relative to G,
(3) G has the local property (OB) and is not the union of a chain of proper open
subgroups.
Proof. (3)⇒(2): Assume (3) and let U ∋ 1 be an open set with property (OB)
relative to G. Since G is separable and is not the union of a chain of proper open
subgroups, there must be a finite set 1 ∈ F ⊆ G so that G is generated by UF,
which also has property (OB) relative to G.
(2)⇒(1): Let U be any open generating set with property (OB) relative to G
and put V = (U ∪ {1})(U ∪ {1})−1. Then V has property (OB) relative to G and
so G has the local property (OB). We can therefore choose some metrically proper
compatible left-invariant metric d on G and let ǫ > 0 be so that
V ⊆ Bǫ = {g ∈ G
∣∣ d(g, 1) 6 ǫ}.
Let now ∂ denote the compatible left-invariant metric on G given by Lemma 31.
By Proposition 34, ∂ is maximal.
(1)⇒(3): If d is maximal, it is metrically proper and thus G has the local prop-
erty (OB). Moreover, as in the proof of (1)⇒(3) in Proposition 34, G cannot be the
union of a countable chain of proper open subgroups. 
Thus far, we have been able to one the one hand characterise the maximal
metrics and also characterise the groups admitting such metrics. However, of-
tentimes it will be useful to have other criteria that guarantee existence. In the
context of finitely generated groups, the main such criteria is the Milnor–Sˇvarc
lemma [39, 54] of which we will have a close analogue. For this, we will need the
following definition.
Definition 36. An isometric group action G y (X, d) on a metric space is said to be
cobounded if, for all x ∈ X,
sup
y∈X
d(y,G · x) < ∞,
or, equivalently, there is a set A ⊆ X of finite diameter so that X = G · A.
Theorem 37 (First Milnor–Sˇvarc lemma). Suppose G is a metrisable group with a
metrically proper cobounded continuous isometric action G y (X, d) on a connected
metric space. Then G admits a maximal compatible left-invariant metric ∂.
Proof. Since the action is cobounded, there is an open set A ⊆ X of finite diameter
so that G · A = X. We let
S = {g ∈ G ∣∣ g · A ∩ A 6= ∅}
and observe that S is an open neighbourhood of 1 in G. Note that, since the action
is metrically proper and diamd(S · x) < ∞ for all x ∈ A, there is no sequence
gn → ∞ in S, or, equivalently, S has property (OB) relative to G.
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To see that G admits a maximal compatible left-invariant metric ∂, it now suf-
fices to verify that G is generated by S. For this, observe that, if g, f ∈ G, then(
g〈S〉 · A
)
∩
(
f 〈S〉 · A
)
6= ∅ ⇒
(
〈S〉 f−1g〈S〉 · A
)
∩ A 6= ∅
⇒
(
〈S〉 f−1g〈S〉
)
∩ S 6= ∅
⇒ f−1g ∈ 〈S〉
⇒ g〈S〉 = f 〈S〉.
Thus, distinct left cosets g〈S〉 and f 〈S〉 give rise to disjoint open subsets g〈S〉 · A
and f 〈S〉 · A of X. However, X = ⋃g∈G g〈S〉 · A and X is connected, which implies
that there can only be a single left coset of 〈S〉, i.e., G = 〈S〉. 
Theorem 38 (Second Milnor–Sˇvarc lemma). Suppose G is a metrisable group with
a metrically proper cobounded continuous isometric action G y (X, d) on a large scale
geodesic metric space. Then G admits a maximal compatible left-invariant metric ∂.
Moreover, for every x0 ∈ X, the map
g ∈ G 7→ gx0 ∈ X
is a quasi-isometry between (G, ∂) and (X, d).
Proof. Fix some x0 ∈ X and a compatible left-invariant metric D 6 1 on G. Then,
by the continuity of the action, the following defines a compatible left-invariant
metric ∂ on G
∂(g, f ) = D(g, f ) + d(gx0, f x0).
Moreover, since the action is metrically proper, so is the metric ∂. Now, since
D 6 1 and the action is cobounded, we see that g ∈ G 7→ gx0 ∈ X is a quasi-
isometry between (G, ∂) and (X, d). Since (X, d) is large scale geodesic, so is
(G, ∂), whence ∂ is maximal by Proposition 34. 
Example 39. Consider again the additive group (X,+) of a Banach space (X, ‖·‖).
By Example 22, the norm-metric is metrically proper on (X,+) and hence the
shift-action of (X,+) on X itself is a metrically proper transitive isometric action.
Since also the norm-metric on X is geodesic, it follows from Theorem 38, that the
identity map is a quasi-isometry between the abelian topological group (X,+)
and the Banach space (X, ‖·‖). In other words, the quasi-isometry type of the
group (X,+) is none other than the quasi-isometry type of (X, ‖·‖) itself, showing
that, for Banach spaces, our theory coincides with the usual large scale geometry.
Example 40. Assume (X, ‖·‖) is a separable Banach space. Then, by the Mazur–
Ulam theorem, every surjective isometry A : X → X is affine, meaning that there
is a linear isometry f : X → X and a vector x ∈ X so that A(y) = f (y) + x for
y ∈ X.
Now, let Aff(X, ‖·‖) be the group of affine isometries of (X, ‖·‖) equipped
with the topology of pointwise convergence on (X, ‖·‖), i.e., gi → g if and only
if ‖gi(x)− g(x)‖ → 0 for all x ∈ X, and let Isom(X, ‖·‖) be the closed subgroup
consisting of linear isometries. Here the induced topology on Isom(X, ‖·‖) is
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simply the strong operator topology. Then Aff(X, ‖·‖) is a metrisable topological
group and may be written as a topological semi-direct product
Aff(X, ‖·‖) = Isom(X, ‖·‖)⋉ (X,+).
That is, Isom(X, ‖·‖) ⋉ (X,+) is the topological product space Isom(X, ‖·‖) ×
(X,+) equipped with the group operation ( f , x) ∗ (g, y) = ( f g, x+ f (y)).
Suppose now that Isom(X, ‖·‖) has property (OB). We claim that Aff(X, ‖·‖) is
quasi-isometric to (X, ‖·‖). To see this, note that Isom(X, ‖·‖) and (X,+) embed
into Isom(X, ‖·‖)⋉ (X,+) via f 7→ ( f , 0) and x 7→ (Id, x) respectively. Thus, as
the ball Bα = {x ∈ X
∣∣ ‖x‖ 6 α} has property (OB) relative to (X,+) (cf. Example
39) and Isom(X, ‖·‖) has property (OB), the subsets {Id}× Bα and Isom(X, ‖·‖)×
{0} have property (OB) relative to Isom(X, ‖·‖)⋉ (X,+). Therefore, also
Isom(X, ‖·‖)× Bα =
(
{Id} × Bα
)
∗
(
Isom(X, ‖·‖)× {0}
)
has property (OB) relative to Isom(X, ‖·‖)⋉ (X,+) for all α. Thus, if ( fn, xn) is a
sequence so that ( fn, xn) → ∞, we see that ( fn, xn) must eventually leave each set
Isom(X, ‖·‖) × Bα, which implies that ‖xn‖ → ∞. In particular, this shows that
the canonical isometric action
Isom(X, ‖·‖)⋉ (X,+)y (X, ‖·‖)
given by ( f , x)(y) = f (y) + x is metrically proper. Since it is evidently transitive,
we conclude by Theorem 38, that the mapping ( f , x) 7→ ( f , x)(0) = x is a quasi-
isometry between Isom(X, ‖·‖)⋉ (X,+) and (X, ‖·‖). I.e., Aff(X, ‖·‖) is quasi-
isometric to (X, ‖·‖) as claimed.
Example 41. Since the unitary group U(H) of separable infinite-dimensional
Hilbert space has property (OB) in the discrete topology [45] and thus also in
the strong operator topology, by Example 40, we see that the group of affine
isometries of H is quasi-isometric to H itself.
Also, S. Banach described the linear isometry groups of ℓp, 1 < p < ∞, as
consisting entirely of sign changes and permutations of the basis elements. Thus,
the isometry group is the semi-direct product S∞ ⋉ {−1, 1}N of two groups with
property (OB). By Proposition 4.1 [47], it follows that Isom(ℓp) has property (OB)
and thus, by Example 39, that the affine isometry group Aff(ℓp) is quasi-isometric
to ℓp.
By results due to C. W. Henson [6], the Lp-lattice Lp([0, 1], λ), with λ being
Lebesgue measure and 1 < p < ∞, is ω-categorical in the sense of model theory
for metric structures. This also implies that the Banach space reduct Lp([0, 1], λ)
is ω-categorical and hence that the action by its isometry group on the unit ball
is approximately oligomorphic. By Theorem 5.2 [47], it follows that the isometry
group Isom(Lp) has property (OB) and thus, as before, that the affine isometry
group Aff(Lp) is quasi-isometric to Lp .
Now, by results of W. B. Johnson, J. Lindenstrauss and G. Schechtman [27]
(see also Theorem 10.21 [8]), any Banach space quasi-isometric to ℓp for 1 <
p < ∞ is, in fact, linearly isomorphic to ℓp. Also, for 1 < p < q < ∞, the
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spaces Lp and Lq are not coarsely equivalent since they then would be quasi-
isometric (being geodesic spaces) and, by taking ultrapowers, would be Lipschitz
equivalent, contradicting Corollary 7.8 [8].
Thus, it follows that all of Aff(ℓp) and Aff(Lp) for 1 < p < ∞ have dis-
tinct quasi-isometry types and, in particular, cannot be isomorphic as topological
groups.
Example 42. Suppose d is a compatible left-invariant metric on a topological
group G and K E G is closed normal subgroup of finite diameter. Then the
Hausdorff distance dH on the quotient space G/K, defined by
dH(gK, f K) = max
{
sup
a∈gK
inf
b∈ f K
d(a, b), sup
b∈ f K
inf
a∈gK
d(a, b)
}
,
is a compatible left-invariant metric on the group G/K and, moreover, satisfies
dH(gK, f K) = inf
k∈K
d(g, f k) = inf
k∈K
d(gk, f ).
Suppose now that G is a metrisable group and K E G is a closed normal
subgroup with property (OB) relative to G so that the quotient group G/K admits
a maximal compatible left-invariant metric ∂. Then we claim that the quotient
map g ∈ G 7→ gK ∈ G/K is a quasi-isometry between G and G/K.
To see this, note first that the left-shift Gy (G/K, ∂) is a transitive continuous
isometric action of G on a large scale geodesic metric space. By Theorem 38, it
suffices to show that the action is metrically proper. So suppose gn → ∞ in G
and fix a compatible left-invariant metric on G witnessing this, i.e., d(gn, 1)→ ∞.
Since K must have finite d-diameter, it follows that d(gnK, 1K)→ ∞ and so, since
∂ is maximal on G/K and dH is a compatible metric, we have ∂(gnK, 1K) → ∞.
I.e., the action is metrically proper and g ∈ G 7→ gK ∈ G/K is a quasi-isometry.
Conversely, suppose that d is a maximal compatible left-invariant metric on G
and that K E G is a closed normal subgroup with property (OB) relative to G.
Then we claim that dH is a maximal compatible left-invariant metric on G/K.
For this, let ∂ be any other compatible left-invariant metric on G/K. Then
D(g, f ) = d(g, f ) + ∂(gK, f K) defines a compatible left-invariant metric on G,
whereby, using maximality of d, there is a constant C so that
∂(gK, f K) 6 D(g, f ) 6 C · d(g, f ) + C
for all g, f ∈ G. Without loss of generality, we make take C > diamd(K), whereby
dH(gK, f K) = infk∈K d(gk, f ) > d(g, f )− C and hence
∂(gK, f K) 6 C · d(g, f ) + C 6 C · dH(gK, f K) + 2C,
for all g, f ∈ G. In other words, dH is maximal on G/K.
Example 43. P. J. Cameron and A. M. Vershik [14] have shown that that there is
an invariant metric d on the group Z for which the metric space (Z, d) is isomet-
ric to the rational Urysohn metric space QU. Since d is two-sided invariant, the
topology τ it induces on Z is necessarily a group topology, i.e., the group opera-
tions are continuous. Thus, (Z, τ) is a metrisable topological group and we claim
that (Z, τ) has a well-defined quasi-isometry type, namely, U or, equivalently,
QU.
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To see this, we first verify that d is metrically proper on (Z, τ). For this, note
that, since (Z, τ) is isometric to QU, we have that, for all n,m ∈ Z and ǫ > 0, if
r = ⌈ d(n,m)ǫ ⌉, then there are k0 = n, k1, k2, . . . , kr = m ∈ Z so that d(ki−1, ki) 6 ǫ.
Thus, as r is a function only of ǫ and of the distance d(n,m), we see that d satisfies
the criteria in Example 21 and hence is metrically proper on (Z, τ). Also, as QU is
large scale geodesic, so is (Z, d). It follows that the shift action of the topological
group (Z, τ) on (Z, d) is a metrically proper transitive action on a large scale
geodesic space. So, by Theorem 38, the identity map is a quasi-isometry between
the topological group (Z, τ) and the metric space (Z, d). As the latter is quasi-
isometric to QU, so is (Z, τ).
By taking the completion of (Z, τ), this also provides us with monothetic Pol-
ish groups quasi-isometric to the Urysohn space U.
3. Affine actions on Banach spaces
By the Mazur–Ulam Theorem, every surjective isometry A of a Banach space
X is affine, that is, there are a unique invertible linear isometry T : X → X and
a vector η ∈ X so that A is given by A(ξ) = T(ξ) + η for all ξ ∈ X. It follows
that, if α : G y X is an isometric action of a group G on a Banach space X, there
is an isometric linear representation π : G y X, called the linear part of α, and a
corresponding cocycle b : G → X so that
α(g)ξ = π(g)ξ + b(g)
for all g ∈ G and ξ ∈ X. The cocycle b then satisfies the cocycle equation
b(g f ) = π(g)b( f ) + b(g)
for g, f ∈ G. In particular, for all g, f ∈ G, it follows that α(g)0 = b(g) and
b(gg−1) = b(1) = 0, whereby
‖b( f )− b(g)‖ = ‖b( f ) + b(gg−1)− b(g)‖
= ‖b( f ) + π(g)b(g−1)‖
= ‖π(g−1)b( f ) + b(g−1)‖
= ‖b(g−1 f )‖
= ‖α(g−1 f )0− 0‖.
Using this, one sees that, if G is a metrisable group with a compatible left-
invariant metric d and the action α : G y X is continuous, then the cocycle
b : (G, d)→ X is actually uniformly continuous. Moreover, if the metric d is met-
rically proper, then, as α(B)0 is norm bounded for every d-bounded set B ⊆ G,
b : (G, d) → X is also bornologous. Finally, as‖b( f ) − b(g)‖ = ‖b(g−1 f )‖, the
cocycle b : (G, d)→ X is a coarse embedding if and only if it is metrically proper,
which, as ‖b( f )‖ = ‖α( f )0− 0‖, happens if and only if α is a metrically proper
action.
Observation 44. Assume G is a metrisable group with a compatible metrically proper
left-invariant metric d. Suppose α : Gy X is a a continuous affine isometric action on a
Banach space X with associated cocycle b. Then b : G → X is a coarse embedding if and
only if α, or equivalently b, is metrically proper.
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We shall adopt the standard notation Z1(G,π) for the vector space of continu-
ous cocycles b : G → X associated to π, i.e., the continuous mappings b satisfying
the above cocycle equation.
Our goal in the following is twofold. On the one hand, we aim to offer various
converses of the above observation, namely, we aim to show that, if G is a metris-
able group with a compatible metrically proper left-invariant metric admitting
a coarse embedding into a Banach space with some geometric property, then G
admits a metrically proper affine isometric action on a Banach space with this
same property. On the other hand, we also wish to construct such actions with-
out necessarily beginning from a coarse embedding, but rather from some other
data on the group.
Our study naturally splits into four different cases depending on the required
geometric properties of the Banach space upon which G acts, namely, general,
reflexive, super-reflexive and Hilbert spaces.
3.1. The Arens–Eells space. Suppose X is a non-empty set. The space M(X) of
molecules over X is the vector space of finitely supported real-valued functions
m : X → R with mean zero, i.e., so that
∑
x∈X
m(x) = 0.
By induction on the size of its support, we note that every molecule m ∈ M(X)
can be written as a finite linear combination of atoms, i.e., the molecules of the
form
mx,y = δx − δy,
where x, y ∈ X and δx is the Dirac measure at x.
If, moreover, (X, d) is a metric space, we can define the Arens–Eells norm on
M(X), by the formula
‖m‖Æ = inf
( n
∑
i=1
|ai|d(xi, yi)
∣∣∣ m = n∑
i=1
aimxi,yi
)
.
A simple application of the triangle inequality for d shows that, in the computa-
tion of the norm, the infimum is attained at some presentation m = ∑ni=1 aimxi,yi
where xi and yi all belong to the support of m. This also shows that ‖·‖Æ is
strictly positive on non-zero molecules, which verifies that it is indeed a norm.
Moreover, as is well-known (see, e.g., [58]), the norm is equivalently computed
by
‖m‖Æ = sup
(
∑
x∈X
m(x) f (x)
∣∣ f : X → R is 1-Lipschitz ),
and so, in particular, ‖mx,y‖Æ = d(x, y) for all x, y ∈ X. The completion of
M(X) with respect to the norm ‖·‖Æ will be denoted by Æ(X, d), which we call
the Arens-Eells space of (X, d). Since the set of molecules that are rational linear
combinations of atoms with support in a given dense subset of X is dense in
Æ(X, d), one immediately sees that Æ(X, d) is a separable Banach space provided
(X, d) itself is separable. See the book by N. Weaver [58] for further information
on Æ(X, d).
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Now, if G is a group acting by isometries on (X, d), one immediately obtains
an isometric linear action π : Gy
(
M(X), ‖·‖Æ
)
via
π(g)m = m(g−1 · ),
or, equivalently,
π(g)
( n
∑
i=1
aimxi,yi
)
=
n
∑
i=1
aimgxi,gyi
for any molecule m = ∑ni=1 aimxi,yi ∈ M(X) and g ∈ G. Again, this action,
being isometric, extends automatically and uniquely to the completion Æ(X, d)
of M(X).
The Arens–Eells space can be seen as a linearisation of the metric space (X, d)
by the following procedure. Fix any base point e ∈ X and let φe : X → M(X) be
the injection defined by
φe(x) = mx,e.
Since
‖φe(x)− φe(y)‖Æ = ‖mx,e −my,e‖Æ = ‖mx,y‖Æ = d(x, y)
for all x, y ∈ X, the map φe is an isometric embedding of (X, d) into the Banach
space Æ(X, d).
Similarly, associated to the isometric linear representation π : G y Æ(X, d),
we can construct a cocycle be : G → Æ(X, d) via the formula
be(g) = mge,e.
To verify that be ∈ Z1(G,π), i.e., that be satisfies the cocycle equation, note that
for g, h ∈ G
be(gh) = mghe,e = mge,e +mghe,ge = be(g) + π(g)
(
be(h)
)
.
We let αe : G y Æ(X) denote the corresponding affine isometric representation
with linear part π and cocycle be. We remark that in this case the following
diagram commutes for all g ∈ G.
X
g−−−−→ X
φe
y yφe
M(X) −−−−→
αe(g)
M(X)
Namely, for any x ∈ X,(
αe(g) ◦ φe
)
(x) = αe(g)(mx,e)
= π(g)(mx,e) + be(g)
= mgx,ge +mge,e
= mgx,e
=
(
φe ◦ g
)
(x).
Therefore, for any choice of base point e ∈ X, the map φe : (X, d) → Æ(X, d) is
an equivariant isometry between the isometric action G y (X, d) and the affine
isometric action αe : GyÆ(X, d).
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Theorem 45. Suppose d is a compatible left-invariant metric on a topological group G.
Then the affine isometric action α : GyÆ(G, d) with linear part π : GyÆ(G, d) and
cocycle b ∈ Z1(G,π) given by b(g) = δg − δ1 is continuous and satisfies
‖b(g)‖Æ = d(g, 1)
for all g ∈ G. In particular, if d is metrically proper, then so is the action α.
Proof. The only point not addressed by the preceding discussion is the continuity
of the action, which separates into continuity of b : G → Æ(G, d) and strong
continuity of π. For b, note that
‖b(g)− b( f )‖Æ = ‖δg − δ f ‖Æ = d(g, f ).
For strong continuity of π, note that, since the linear span M(G) of the atoms
δg − δ f is dense in Æ(G, d), it suffices to verify that the map
h ∈ G 7→ π(h)(δg − δ f ) ∈ Æ(G, d)
is continuous for all g, f ∈ G. But this follows again from
‖π(h)(δg − δ f )− π(k)(δg − δ f )‖Æ 6 ‖δhg − δkg‖Æ + ‖δh f − δk f ‖Æ
= d(hg, kg) + d(h f , k f ),
thus finishing the proof. 
3.2. Kernels conditionally of negative type and Hilbert spaces. As the Arens–
Eells space in general has very bad geometric properties even starting from a
fairly well-behaved metric spaces, we are interested in other constructions that
preserve more of the initial metric properties of (X, d). The most regular case
is of course Hilbert spaces, for which we need some background material on
kernels conditionally of negative type. The well-known construction presented
here originates in work of E. H. Moore [40].
Definition 46. A kernel conditionally of negative type on a set X is a function
Ψ : X× X → R so that
(1) Ψ(x, x) = 0 and Ψ(x, y) = Ψ(y, x) for all x, y ∈ X,
(2) for all x1, . . . , xn ∈ X and r1, . . . , rn ∈ R with ∑ni=1 ri = 0, we have
n
∑
i=1
n
∑
j=1
rirjΨ(xi, xj) 6 0.
For example, if σ : X → H is any mapping from X into a Hilbert space H, then
a simple calculation shows that
n
∑
i=1
n
∑
j=1
rirj‖σ(xi)− σ(xj)‖2 = −2
∥∥ n∑
i=1
riσ(xi)
∥∥ 6 0,
whenever ∑ni=1 ri = 0, which implies that Ψ(x, y) = ‖σ(x)− σ(y)‖2 is a kernel
conditionally of negative type.
Now, if Ψ is a kernel conditionally of negative type on a set X and M(X), as
before, denotes the vector space of finitely supported real valued functions ξ on
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X of mean 0, i.e., ∑x∈X ξ(x) = 0, we can define a positive symmetric linear form
〈· ∣∣ ·〉Ψ on M(X) by
〈 n
∑
i=1
riδxi
∣∣∣ k∑
j=1
sjδyi
〉
Ψ
= −1
2
n
∑
i=1
k
∑
j=1
risjΨ(xi, yj).
Also, if NΨ denotes the null-space
NΨ = {ξ ∈ M(X)
∣∣ 〈ξ ∣∣ ξ〉Ψ = 0},
then 〈· ∣∣ ·〉Ψ defines an inner product on the quotient M(X)/NΨ and we obtain a
real Hilbert space K as the completion of M(X)/NΨ with respect to 〈·
∣∣ ·〉Ψ.
We remark that, if Ψ is defined by a map σ : X → H as above and e ∈ X is
any choice of base point, the map φe : X → K defined by φe(x) = δx − δe satisfies
‖φe(x)− φe(y)‖K = ‖σ(x)− σ(y)‖H. Indeed,
‖φe(x)− φe(y)‖2K = 〈φe(x)− φe(y)
∣∣ φe(x)− φe(y)〉
= 〈δx − δy
∣∣ δx − δy〉
= −1
2
(
Ψ(x, x) + Ψ(y, y)− Ψ(x, y)− Ψ(y, x))
= Ψ(x, y)
= ‖σ(x)− σ(y)‖2H.
Also, if G y X is an action of a group G on X and Ψ is G-invariant, i.e.,
Ψ(gx, gy) = Ψ(x, y), this action lifts to an action π : G y M(X) preserving the
form 〈· ∣∣ ·〉Ψ via π(g)ξ = ξ(g−1 · ). It follows that π factors through to an
orthogonal (i.e., isometric linear) representation Gy K.
Theorem 47 below is originally due to I. Aharoni, B. Maurey and B. S. Mityagin
[1] for the case of abelian groups and is also worked out by Y. de Cornulier, R.
Tessera and A. Valette for compactly generated locally compact groups in [16].
Since more care is needed when dealing with general amenable groups as op-
posed to locally compact, we include a full proof.
Theorem 47. Suppose d is a compatible left-invariant metric on an amenable topological
group G and σ : (G, d) → H is a uniformly continuous and bornologous map into a
Hilbert space H with compression and expansion moduli κ1 and κ2. Then there is a
continuous affine isometric action α : G y K on a real Hilbert space with associated
cocycle b : G → K so that
κ1
(
d(g, 1)
)
6 ‖b(g)‖ 6 κ2
(
d(g, 1)
)
,
for all g ∈ G.
Proof. For fixed g, h ∈ G, we define a function φg,h : G → R via
φg,h( f ) = ‖σ( f g)− σ( f h)‖2.
Note first that φg,h ∈ ℓ∞(G). For d( f g, f h) = d(g, h) for all f ∈ G and so, since σ
is bornologous, we have
‖φg,h‖∞ = sup
f∈G
|φg,h( f )| = sup
f∈G
‖σ( f g)− σ( f h)‖2 6 κ2
(
d(g, h)
)2
< ∞.
28 CHRISTIAN ROSENDAL
Secondly, we claim that φg,h is left-uniformly continuous, i.e., that for all ǫ > 0
there isW ∋ 1 open so that |φg,h( f )− φg,h( f w)| < ǫ, whenever f ∈ G and w ∈W.
To see this, take some η > 0 so that 4η‖φg,h‖∞ + 4η2 < ǫ and find, by uniform
continuity of σ, some open V ∋ 1 so that ‖σ( f )− σ( f v)‖ < η for all f ∈ G and
v ∈ V. Pick also W ∋ 1 open so that Wg ⊆ gV and Wh ⊆ hV. Then, if f ∈ G and
w ∈W, there are v1, v2 ∈ V so that wg = gv1 and wh = hv2, whence∣∣φg,h( f )− φg,h( f w)∣∣ =
∣∣∣‖σ( f g)− σ( f h)‖2− ‖σ( f wg)− σ( f wh)‖2∣∣∣
=
∣∣∣‖σ( f g)− σ( f h)‖2− ‖σ( f gv1)− σ( f hv2)‖2
∣∣∣
< 4η‖φg,h‖∞ + 4η2
< ǫ.
Thus, every φg,h belongs to the closed linear subspace LUC(G) ⊆ ℓ∞(G) of left-
uniformly continuous bounded real-valued functions on G and a similar calcula-
tion shows that the map (g, h) ∈ G× G 7→ φg,h ∈ ℓ∞(G) is continuous.
Now, since G is amenable, there exists a mean m on LUC(G) invariant un-
der the right-regular representation ρ : G y LUC(G) given by ρ(g)
(
φ
)
= φ( · g).
Using this, we can define a continuous kernel Ψ : G× G → R by
Ψ(g, h) = m(φg,h)
and note that Ψ( f g, f h) = m(φ f g, f h) = m
(
ρ( f )
(
φg,h
))
= m(φg,h) = Ψ(g, h) for all
g, h, f ∈ G.
We claim that Ψ is a kernel conditionally of negative type. To verify this, let
g1, . . . , gn ∈ G and r1, . . . , rn ∈ R with ∑ni=1 ri = 0. Then, for all f ∈ G,
n
∑
i=1
n
∑
j=1
rirjφgi,gj( f ) =
n
∑
i=1
n
∑
j=1
rirj‖σ( f gi)− σ( f gj)‖2 6 0,
since (g, h) 7→ ‖σ( f g)− σ( f h)‖2 is a kernel conditionally of negative type. Since
m is positive, it follows that also
n
∑
i=1
n
∑
j=1
rirjΨ(gi, gj) = m
( n
∑
i=1
n
∑
j=1
rirjφgi,gj
)
6 0.
As above, we define a positive symmetric form 〈· ∣∣ ·〉Ψ on M(G). Note that,
since Ψ is left-invariant, the form 〈· ∣∣ ·〉Ψ is invariant under the left-regular repre-
sentation λ : GyM(G) given by λ(g)(ξ) = ξ(g−1 · ) and so λ induces a strongly
continuous orthogonal representation π of G on the Hilbert space completion K
of M(G)/NΨ.
Moreover, as is easily checked, the map b : G → K given by b(g) = (δg − δ1) +
NΨ is a cocyle for π. Now
‖b(g)‖2 = 〈δg − δ1
∣∣ δg − δ1〉Ψ = Ψ(g, 1) = m(φg,1),
so, since
κ1
(
d(g, 1)
)2
6 φg,1 6 κ2
(
d(g, 1)
)2
,
it follows from the positivity of m that
κ1
(
d(g, 1)
)
6 ‖b(g)‖ 6 κ2
(
d(g, 1)
)
,
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which proves the theorem. 
We can now extend the definition of the Haagerup property from locally com-
pact groups to the full category of metrisable groups.
Definition 48. A metrisable group G is said to have theHaagerup property if it admits
a metrically proper continuous affine isometric action on a Hilbert space.
Thus, based on Theorem 47, we have the following reformulation of the Haagerup
property for amenable metrisable groups.
Theorem 49. The following are equivalent for an amenable separable metrisable group
with the local property (OB),
(1) G admits a uniformly continuous coarse embedding into a Hilbert space η : G →
H,
(2) G has the Haagerup property.
Proof. (2)⇒(1): If α : G y H is a metrically proper continuous affine isometric
action, with corresponding cocycle b : G → H, then, by Observation 44, b : G → H
is a uniformly continuous coarse embedding.
(1)⇒(2): Fix a metrically proper compatible left-invariant metric d on G. By
Theorem 47, there is a continuous affine isometric action α : G y K on a Hilbert
space K with associated cocycle b : G → K so that, for all g ∈ G,
κ1
(
d(g, 1)
)
6 ‖b(g)‖ 6 κ2
(
d(g, 1)
)
,
where κ1(t) = infd(g, f )>t‖η(g) − η( f )‖ and κ2(t) = supd(g, f )6t‖η(g) − η( f )‖.
Since η is a coarse embedding, the cocycle b : G → K is metrically proper and so
is the action α. 
In the setting of amenable non-Archimedean Polish groups, the condition of
uniform continuity of η may be dropped. Indeed, fix an open subgroup V 6 G
with property (OB) relative to G and note that, since η is bornologous, there is a
constant K > 0 so that ‖η(g) − η( f )‖ 6 K whenever f−1g ∈ V. Letting X ⊆ G
denote a set of left-coset representatives for V, we define σ(g) = η(h), where
h ∈ X is the coset representative of gV. Then ‖η(g)− σ(g)‖ 6 K for all g ∈ G, so
σ : G → H is bornologous and clearly constant on left-cosets of V, whence also
uniformly continuous with respect to some chosen metrically proper compatible
left-invariant metric d on G. So σ is a uniformly continuous coarse embedding.
U. Haagerup [24] initially showed that finitely generated free groups have the
Haagerup property. It is also known that amenable locally compact groups [5]
(see also [15]) have the Haagerup property. However, this is not the case for
amenable metrisable groups, as, e.g., the isometry group of the Urysohn metric
space U provides a counter-example. We shall verify this in Section 3.3.
There is also a converse to this. Namely, E. Guentner and J. Kaminker [23]
showed that, if a finitely generated discrete group G admits a affine isometric
action on a Hilbert space whose cocycle b growths faster than the square root of
the word length, then G is amenable (see [16] for the generalisation to the locally
compact case).
30 CHRISTIAN ROSENDAL
3.3. Approximate compactness, super-reflexivity and Rademacher type. Weak-
ening the geometric restrictions on the phase space from euclidean to uniformly
convex, we still have a result similar to Theorem 47. However, in this case, we
must assume that the group in question is approximately compact and not only
amenable.
Definition 50. A topological group G is said to be approximately compact if there is a
countable chain K0 6 K1 6 . . . 6 G of compact subgroups whose union
⋃
n Kn is dense
in G.
This turns out to be a fairly common phenomenon among non-locally compact
metrisable groups. For example, the unitary group U(H) of separable infinite-
dimensional Hilbert space with the strong operator topology is approximately
compact. Indeed, if H1 ⊆ H2 ⊆ . . . ⊆ H is an increasing exhaustive sequence of
finite-dimensional subspaces and U(n) denotes the group of unitaries pointwise
fixing the orthogonal complement H⊥n , then each U(n) is compact and the union⋃
n U(n) is dense in U(H).
More generally, as shown by P. de la Harpe [26], if M is an approximately
finite-dimensional von Neumann algebra, i.e., there is an increasing sequence
A1 ⊆ A2 ⊆ . . . ⊆ M of finite-dimensional matrix algebras whose union is dense
in M with respect the strong operator topology, then the unitary subgroup U(M)
is approximately compact with respect to the strong operator topology.
Similarly, if G contains a locally finite dense subgroup, this will witness ap-
proximate compactness. Again this applies to, e.g., Aut([0, 1], λ) with the weak
topology, where the dyadic permutations are dense, and Isom(U) with the point-
wise convergence topology (this even holds for the dense subgroup Isom(QU)
by a result of S. Solecki; see [48] for a proof).
Of particular interest to us is the case of non-Archimedean Polish groups. By
general techniques, these may be represented as automorphism groups of count-
able locally finite (i.e., any finitely generated substructure is finite) ultrahomoge-
neous structures. And, in this setting, we have the following reformulation of
approximate compactness.
Proposition 51 (A.S. Kechris & C. Rosendal [33]). LetM be a locally finite, countable,
ultrahomogeneous structure. Then Aut(M) is approximately compact if and only if, for
every finite substructure A ⊆ M and all partial automorphisms φ1, . . . , φn of A, there
is a larger finite substructure B with
A ⊆ B ⊆M
and full automorphisms ψ1, . . . ,ψn of B extending φ1, . . . , φn respectively.
We recall that a Banach space V is super-reflexive if every other space crudely
finitely representable in V is reflexive. That is, if X is a Banach space so that, for
some fixed K > 1, every finite-dimensional subspace F ⊆ X is K-isomorphic to
a subspace of V, then X is reflexive. In particular, every super-reflexive space is
reflexive. Moreover, super-reflexive spaces are exactly those all of whose ultra-
powers are reflexive. By a result of P. Enflo [19] (see also G. Pisier [43] for an
improved result or [20] for a general treatment), the super-reflexive spaces can
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also be characterised as those admitting an equivalent uniformly convex renorm-
ing.
For the case of super-reflexive spaces, we have the following result, which is
due to V. Pestov [42] in the case of a locally finite discrete group G.
Theorem 52. Suppose d is a compatible left-invariant metric on an approximately com-
pact topological group G. Assume that σ : (G, d) → E is a uniformly continuous and
bornologous map into a super-reflexive Banach space E with compression and expansion
moduli κ1 and κ2. Then there is a continuous affine isometric action of G on a super-
reflexive Banach space V with corresponding cocycle b so that
κ1
(
d( f , 1)
)
6 ‖b( f )‖V 6 κ2
(
d( f , 1)
)
for all f ∈ G.
Proof. By renorming E, we may suppose that E is uniformly convex. For a com-
pact subgroup K 6 G, let µ denote the Haar measure on K and L2(K, E) denote
the Banach space of square integrable E-valued functions φ on K with norm
‖φ‖L2 =
( ∫
K
‖φ(g)‖2E dµ(g)
) 1
2
.
Since E uniformly convex, so is L2(K, E). Moreover, for every other compact
subgroup C 6 G, the probability spaces K and C are isomorphic, whence the
Banach spaces L2(K, E) and L2(C, E) are isometric. Thus, the modulus of uniform
convexity of L2(K, E) is independent of the choice of K. For every f ∈ G, we
define an element [ f ]K ∈ L2(K, E) by [ f ]K(g) = σ(g f ) for all g ∈ K. Note that
since σ is continuous, so is [ f ]K and hence [ f ]K is automatically square integrable
on the compact group K.
Let also ρ : K y L2(K, E) denote the right-regular representation given by(
ρ(g)φ
)
(h) = φ(hg) and note that, in particular,
(
ρ(g)[ f ]K
)
(h) = [ f ]K(hg) = σ(hg f ) = [g f ]K(h),
i.e., ρ(g)[ f ]K = [g f ]K for all g ∈ K and f ∈ G.
Now, fix a non-principal ultrafilter U on N and let K0 6 K1 6 . . . 6 G be a
countable chain of compact subgroups whose union is dense in G. Consider the
ultraproduct
W = ∏
U
L2(Kn, E).
That is, W is the quotient of
(⊕
n L
2(Kn, E)
)
∞
by the subspace
NU = {(φn) ∈
(⊕
n
L2(Kn, E)
)
∞
∣∣ lim
U
‖φn‖L2 = 0}.
For (φn) ∈
(⊕
n L
2(Kn, E)
)
∞
, we denote its image inW by (φn)U . Since the spaces
L2(Kn, E) are all uniformly convex with the same modulus of uniform convexity,
the ultraproduct remains uniformly convex and hence super-reflexive.
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Note that, for all f , h ∈ G and n ∈ N,
∥∥[ f ]Kn − [h]Kn∥∥L2 =
( ∫
Kn
‖[ f ]Kn(g)− [h]Kn(g)‖2E dµ(g)
) 1
2
=
( ∫
Kn
‖σ(g f )− σ(gh)‖2E dµ(g)
) 1
2
6
( ∫
Kn
κ2
(
d(g f , gh)
)2
dµ(g)
) 1
2
=
( ∫
Kn
κ2
(
d( f , h)
)2
dµ(g)
) 1
2
= κ2
(
d( f , h)
)
,
so the sequence
(
[ f ]Kn − [h]Kn
)
n
is uniformly bounded in the L2-norms and thus
belongs to
(⊕
n L
2(Kn, E)
)
∞
. By the same reasoning, we also note that
∥∥[ f ]Kn −
[h]Kn
∥∥
L2
> κ1
(
d( f , h)
)
. It follows that, for all f , h ∈ G,
(1) κ1
(
d( f , h)
)
6
∥∥([ f ]Kn − [h]Kn)U∥∥W 6 κ2(d( f , h)).
By the above, it follows that we can define a map b : G →W by setting b( f ) =
([ f ]Kn − [1]Kn)U . Note that, since σ is uniformly continuous, for all ǫ > 0 there is
δ > 0 so that κ2(δ) < ǫ. In particular,∥∥b( f )− b(h)∥∥
W
=
∥∥([ f ]Kn − [h]Kn)U∥∥W 6 κ2(d( f , h)) < ǫ,
whenever d( f , h) < δ. Thus, b is uniformly continuous.
Also, for g ∈ ⋃n Kn, the right-regular representation ρ(g) defines a linear isom-
etry of L2(Kn, E) for all but finitely many n ∈ N. Therefore, as the ultrafilter U is
non-principal, this means that we can define an isometric linear representation
ρ˜ :
⋃
n
Kn yW
by letting
ρ˜(g)
(
(φn)U
)
=
(
ρ( f )φn
)
U .
We claim that b ∈ Z1(⋃n Kn, ρ˜), i.e., that b satisfies the cocycle identity b( f h) =
ρ˜( f )b(h) + b( f ) for f , h ∈ ⋃n Kn. To see this, note that
ρ˜( f )b(h) + b( f ) = ρ˜( f )
(
[h]Kn − [1]Kn
)
U +
(
[ f ]Kn − [1]Kn
)
U
=
(
[ f h]Kn − [ f ]Kn
)
U +
(
[ f ]Kn − [1]Kn
)
U
=
(
[ f h]Kn − [1]Kn
)
U
= b( f h).
In particular, we see that the linear span of b[
⋃
n Kn] is ρ˜[
⋃
n Kn]-invariant. More-
over, since every ρ˜( f ) is an isometry and b is continuous, the same holds for the
closed linear span V ⊆W of b[G].
We claim that, for every ξ ∈ V, the map f ∈ ⋃n Kn 7→ ρ˜( f )ξ is uniformly
continuous. Since linear span of b[
⋃
n Kn] is dense in V, it suffices to prove this
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for ξ ∈ b[⋃n Kn]. So fix some g ∈ ⋃n Kn and note that, for f , h ∈ ⋃n Kn, we have∥∥ρ˜( f )b(g)− ρ˜(h)b(g)∥∥
W
=
∥∥([ f g]Kn − [ f ]Kn)U − ([hg]Kn − [h]Kn)U∥∥W
6
∥∥([ f g]Kn − [hg]Kn)U∥∥W + ∥∥([h]Kn − [ f ]Kn)U∥∥W
6 κ2
(
d( f g, hg)
)
+ κ2
(
d(h, f )
)
.
Now, given ǫ > 0, there is δ > 0 so that κ2(δ) <
ǫ
2 and an η > 0 so that d( f , h) < η
implies that d( f g, hg) < δ. It follows that, provided d( f , h) < min{η, δ}, we have∥∥ρ˜( f )b(g)− ρ˜(h)b(g)∥∥
W
< ǫ, hence verifying uniform continuity.
Using our claim and the density of
⋃
n Kn in G, we can now uniquely extend
ρ˜ to a strongly continuous isometric linear presentation ρ˜ : G y V so that the
cocycle identity b( f h) = ρ˜( f )b(h) + b( f ) holds for all f , h ∈ G. It follows that
we can define a continuous affine isometric action α : G y V by setting α( f )ξ =
ρ˜( f )ξ + b( f ) for ξ ∈ V and f ∈ G.
Finally, note that
κ1
(
d( f , 1)
)
6 ‖b( f )‖V 6 κ2
(
d( f , 1)
)
for all f ∈ G. 
Repeating the proof of Theorem 49 and noting that approximately compact
metrisable groups are separable, we obtain the following equivalence.
Theorem 53. The following are equivalent for an approximately compact metrisable
group with the local property (OB),
(1) G admits a uniformly continuous coarse embedding into a super-reflexive Banach
space η : G → E,
(2) G admits a metrically proper continuous affine isometric action on a super-
reflexive Banach space.
The proof of Theorem 52 is fairly flexible and allows for several variations pre-
serving different local structure of the Banach space E. As a concrete example, we
shall study the preservation of Rademacher type in the above construction. For
that we fix a Rademacher sequence, i.e., a sequence (ǫn)∞n=1 of mutually indepen-
dent random variables ǫn : Ω → {−1, 1}, where (Ω,P) is some probability space,
so that P(ǫn = −1) = P(ǫn = 1) = 12 . E.g., we could take Ω = {−1, 1}N with the
usual coin tossing measure and let ǫn(ω) = ω(n).
Definition 54. A Banach space X is said to have type p for some 1 6 p 6 2 if there is
a constant C so that (
E
∥∥∥ n∑
i=1
ǫixi
∥∥∥p) 1p 6 C · ( n∑
i=1
‖xi‖p
) 1
p
for every finite sequence x1, . . . , xn ∈ X.
Similarly, X has cotype q for some 2 6 q < ∞ if there is a constant K so that
( n
∑
i=1
‖xi‖q
) 1
q
6 K ·
(
E
∥∥∥ n∑
i=1
ǫixi
∥∥∥q) 1q
for every finite sequence x1, . . . , xn ∈ X.
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We note that, by the triangle inequality, every Banach space has type 1. Simi-
larly, by stipulation, every Banach space is said to have cotype q = ∞.
Whereas the p in the formula
(
∑
n
i=1‖xi‖p
) 1
p
is essential, this is not so with
the p in
(
E
∥∥∥∑ni=1 ǫixi
∥∥∥p) 1p . Indeed, the Kahane–Khintchine inequality (see [2])
states that, for all 1 < p < ∞, there is a constant Cp so that, for every Banach
space X and x1, . . . , xn ∈ X, we have
E
∥∥∥ n∑
i=1
ǫixi
∥∥∥ 6 (E∥∥∥ n∑
i=1
ǫixi
∥∥∥p) 1p 6 Cp ·E
∥∥∥ n∑
i=1
ǫixi
∥∥∥.
In particular, for any p, q ∈ [1,∞[, the two expressions
(
E
∥∥∥∑ni=1 ǫixi
∥∥∥p) 1p and(
E
∥∥∥∑ni=1 ǫixi
∥∥∥q) 1q differ at most by some fixed multiplicative constant indepen-
dent of the space X and the vectors xi ∈ X. We refer the reader to [2] for more
information on Rademacher type and cotype.
Theorem 55. Suppose G is an approximately compact separable metrisable group with
the local property (OB) admitting a uniformly continuous coarse embedding into a Banach
space E with type p and cotype q for some 1 6 p 6 2 6 q 6 ∞. Then G admits a
metrically proper affine isometric action on a space with type p and cotype q.
Proof. Suppose σ : G → E is a uniformly continuous coarse embedding into a
space E with type p and cotype q. We then repeat the proof of Thorem 52 using
the fact that, as E has type p and cotype q, so do the spaces L2(Kn, E). Since
also L2(Kn, E) and L2(Km, E) are isometric for all n,m, the ultraproduct W of the
proof is isometric to the ultrapower of a single space L2(K1, E). However, the
ultrapower XU of a Banach space X is finitely representable in X, meaning that
every finite-dimensional subspace F ⊆ XU almost isometrically embeds into X.
Thus, in particular,W is finitely representable in L2(K1, E) and therefore has type
p and cotype q. This similarly holds for the subspace V = span
(
b[G]
) ⊆ W,
which finishes the proof. 
We mention that, by results of W. Orlicz and G. Nordlander (see [2]), the space
Lp has type p and cotype 2, whenever 1 6 p 6 2, and type 2 and cotype p,
whenever 2 6 p < ∞. So Theorem 55 applies, in particular, when G is a separable
approximately compact metrisable group with the local property (OB) admitting
a uniformly continuous coarse embedding into an Lp space.
In the interval 1 6 p 6 2, Theorem 47 gives us a somewhat better result, since
it follows from results of J. Bretagnolle, D. Dacunha-Castelle and J.-L. Krivine [12]
that Lp coarsely embeds into L2 for all p ∈ [1, 2].
3.4. Stable metrics and reflexive spaces. The case of reflexive spaces trivialises
for locally compact second countable groups, since N. Brown and E. Guentner
[13] showed that every countable discrete group admits a proper affine isometric
action on a reflexive Banach space and U. Haagerup and A. Przybyszewska [25]
generalised this to locally compact second countable groups.
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However, for general metrisable groups, the situation is significantly more
complicated. Indeed, results of A. Shtern [52] and M. Megrelishvili [37], show
that a topological group G admits a topologically faithful isometric linear rep-
resentation on a reflexive Banach space, i.e., G is isomorphic to a subgroup of
the linear isometry group of a reflexive Banach space with the strong operator
topology, if and only if the continuous weakly almost periodic functions on G
separate points and closed sets. Moreover, there are examples, such as the group
Homeo+[0, 1] of increasing homeomorphisms of the unit interval [36], that admit
no non-trivial continuous linear actions on a reflexive space.
We recall that a bounded function φ : G → R is said to be weakly almost peri-
odic provided that its orbit λ(G)φ = {φ(g−1 · ) ∣∣ g ∈ G} under the left regular
representation is a relatively weakly compact subset of ℓ∞(G). Also, by a re-
sult of A. Grothendieck [22], the weakly almost periodic functions on G may be
characterised by the following double limit criterion.
Theorem 56 (A. Grothendieck [22]). A a bounded function φ : G → R on a group G is
weakly almost periodic if and only if, for all sequences (gn) and ( fm) in G and ultrafilters
U and V on N, we have
lim
n→U
lim
m→V
φ(gn fm) = lim
m→V
lim
n→U
φ(gn fm).
With a bit of effort, one may verify that, equivalently, φ is weakly almost peri-
odic if and only if, for all sequences (gn) and ( fm) in G, we have
lim
n→∞ limm→∞φ(gn fm) = limm→∞ limn→∞φ(gn fm).
whenever the two limits exist.
Motivated by the notion of stability in model theory, J.-L. Krivine and B. Mau-
rey [35] isolated the concept of a stable norm on a Banach space, which equiva-
lently can be defined in terms of stability of the metric.
Definition 57. A metric d on a set X is said to be stable if, for all d-bounded sequences
(xn) and (ym) in X and ultrafilters U and V on N, we have
lim
n→U
lim
m→V
d(xn, ym) = lim
m→V
lim
n→U
d(xn, ym).
We remark that a simple, but tedious, inspection shows that, if d is stable, then
so is the uniformly equivalent bounded metric D(x, y) = max{d(x, y), 1}.
Now, N. Kalton [30] showed that every stable metric space may be coarsely
embedded into a reflexive Banach space. Moreover, he also showed that, e.g.,
the Banach space c0 does not admit a coarse embedding into a reflexive Banach
space.
For the case of groups, I. Ben Yaacov, A. Berenstein and S. Ferri [7] showed
that a metrisable group admits a compatible left-invariant and stable metric if
and only if it admits a topologically faithful isometric linear representation on a
reflexive space.
Our goal here is to provide a group theoretical counter-part of Kalton’s theo-
rem, that is, we wish to construct metrically proper continuous affine isometric
actions on Banach spaces of topological groups admitting metrically proper stable
compatible left-invariant metrics.
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Theorem 58. Suppose a topological group G carries a compatible left-invariant metri-
cally proper stable metric. Then G admits a metrically proper continuous affine isometric
action on a reflexive Banach space.
We should mention that this theorem is far from establishing an equivalence.
Indeed, the Tsirelson space T [56] is a separable reflexive Banach space not con-
taining isomorphic copies of any ℓp, 1 6 p < ∞, nor of c0. Now, as noted in
Exampe 39, the norm-metric on the additive group (X,+) of a Banach space
(X, ‖·‖) is maximal. It follows that the translation action of T on itself is a metri-
cally proper affine action on a reflexive space. However, by a result of Y. Raynaud
(Thm. 4.1 [44]), if the additive group of an infinite-dimensional Banach space E
admits a compatible invariant stable metric, then E must contain an isomorphic
copy of some ℓp, 1 6 p < ∞. In other words, T has no equivalent invariant stable
metric, but has a metrically proper affine isometric action on a reflexive space.
In fact, the proof of Theorem 58 will also require something less than a stable
metric, namely, the existence of a sufficiently separating family of continuous
weakly almost periodic functions.
Theorem 59. Suppose d is a compatible left-invariant metric on a topological group G
and assume that, for all α > 0, there is a continuous weakly almost periodic function
φ ∈ ℓ∞(G) with d-bounded support so that φ ≡ 1 on Dα = {g ∈ G
∣∣ d(g, 1) 6 α}.
Then G admits a continuous isometric action π : G y X on a reflexive Banach space
X with a corresponding continuous and metrically proper cocycle b : (G, d)→ X.
Proof. Under the given assumptions, we claim that, for every integer n > 1, there
is a continuous weakly almost periodic function 0 6 φn 6 1 on G so that
(1) ‖φn‖∞ = φ(1) = 1,
(2) ‖φn − λ(g)φn‖∞ 6 14n for all g ∈ Dn and
(3) supp(φn) is d-bounded.
To see this, we pick inductively sequences of continuous weakly almost peri-
odic functions (ψi)
4n
i=1 and radii (ri)
4n
i=0 so that
(i) 0 = r0 < 2n < r1 < r1 + 2n < r2 < r2 + 2n < r3 < . . . < r4n ,
(ii) 0 6 ψi 6 1,
(iii) ψi ≡ 1 on Dri−1+n,
(iv) supp(ψi) ⊆ Dri .
Note first that, by the choice of ri, the sequence
Dr0+n \ Dr0 , Dr1 \ Dr0+n, Dr1+n \ Dr1 , Dr2 \ Dr1+n, . . . ,Dr4n \ Dr4n−1+n, G \ Dr4n
partitions G. Also, for all 1 6 i 6 4n,
ψ1 ≡ . . . ≡ ψi ≡ 0, while ψi+1 ≡ . . . ≡ ψ4n ≡ 1 on Dri+n \ Dri
and
ψ1 ≡ . . . ≡ ψi−1 ≡ 0, while ψi+1 ≡ . . . ≡ ψ4n ≡ 1 on Dri \ Dri−1+n.
Setting φn =
1
4n ∑
4n
i=1 ψi, we note that, for all 1 6 i 6 4
n,
φn ≡ 4
n − i
4n
on Dri+n \ Dri
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and
4n − i
4n
6 φn 6
4n − i+ 1
4n
on Dri \ Dri−1+n.
Now, if g ∈ Dn and f ∈ G, then |d(g−1 f , 1)− d( f , 1)| = |d( f , g)− d( f , 1)| 6
d(g, 1) 6 n. So, if f belongs to some term in the above partition, then g−1 f either
belongs to the immediately preceding, the same or the immediately following
term of the partition. By the above estimates on φn, it follows that |φn( f ) −
φn(g−1 f )| 6 14n . In other words, for g ∈ Dn, we have
‖φn − λ(g)φn‖∞ = sup
f∈G
|φn( f )− φn(g−1 f )| 6 1
4n
,
which verifies condition (2). Conditions (1) and (3) easily follow from the con-
struction.
Consider now a specific φn as above and define
Wn = conv
(
λ(G)φn ∪−λ(G)φn
) ⊆ ℓ∞(G)
and, for every k > 1,
Un,k = 2
kWn + 2
−kBℓ∞ ,
where Bℓ∞ denotes the unit ball in ℓ
∞(G). Let ‖·‖n,k denote the gauge on ℓ∞(G)
defined by Un,k, i.e.,
‖ψ‖n,k = inf(α > 0
∣∣ ψ ∈ α ·Un,k).
If g ∈ Dn, then ‖φn − λ(g)φn‖∞ 6 14n and so, for k 6 n,
φn − λ(g)φn ∈ 1
2n
· 2−kBℓ∞ ⊆ 12n ·Un,k.
In particular,
(2) ‖φn − λ(g)φn‖n,k 6
1
2n
, for all k 6 n and g ∈ Dn.
On the other hand, for all g ∈ G and k, we have φn− λ(g)φn ∈ 2Wn ⊆ 12k−1Un,k.
Therefore,
(3) ‖φn − λ(g)φn‖n,k 6
1
2k−1
, for all k and g.
Finally, if g /∈ (supp φn)−1, then ‖φn − λ(g)φn‖n,1 > 12‖φn− λ(g)φn‖∞ > 12 . So
(4) ‖φn − λ(g)φn‖n,1 > 1
2
, for all g /∈ (supp φn)−1.
It follows from (2) and (3) that, for g ∈ Dn, we have
∑
k
‖φn − λ(g)φn‖2n,k 6
( 1
2n
)2
+ . . .+
( 1
2n
)2
︸ ︷︷ ︸
n times
+
( 1
2(n+1)−1
)2
+
( 1
2(n+2)−1
)2
+ . . .
6
1
2n−1
,
while using (4) we have, for g /∈ (supp φn)−1,
∑
k
‖φn − λ(g)φn‖2n,k >
1
4
.
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Define ||| · |||n on ℓ∞(G) by |||ψ|||n =
(
∑k‖ψ‖2n,k
) 1
2 and set
Xn = {ψ ∈ span(λ(G)φn) ⊆ ℓ∞(G)
∣∣ |||ψ|||n < ∞} ⊆ ℓ∞(G).
By the main result of W. J. Davis, T. Figiel, W. B. Johnson and A. Pełczyn´ski
[18], the interpolation space (Xn, ||| · |||n) is a reflexive Banach space. Moreover,
since Wn and Un,k are λ(G)-invariant subsets of ℓ
∞(G), one sees that ‖·‖n,k and
||| · |||n are λ(G)-invariant and hence we have an isometric linear representation
λ : Gy (Xn, ||| · |||n).
Note that, since φn ∈ Wn, we have φn ∈ Xn and can therefore define a cocycle
bn : G → Xn associated to λ by bn(g) = φn − λ(g)φn. By the estimates above, we
have
|||bn(g)|||n = |||φn − λ(g)φn|||n 6
( 1√
2
)n−1
for g ∈ Dn, while
|||bn(g)|||n = |||φn − λ(g)φn|||n > 1
2
for g /∈ (supp φn)−1.
Let now Y =
(⊕
n(Xn, ||| · |||n)
)
ℓ2
denote the ℓ2-sum of the spaces (Xn, ||| · |||n).
Let also π : G y Y be the diagonal action and b =
⊕
bn the corresponding
cocycle. To see that b is well-defined, note that, for g ∈ Dn, we have
‖b(g)‖Y =
( ∞
∑
m=1
|||bm(g)|||2m
) 1
2
=
(
finite+
∞
∑
m=n
|||bm(g)|||2m
) 1
2
6
(
finite+
∞
∑
m=n
1
2m−1
) 1
2
< ∞,
so b(g) ∈ Y.
Remark that, whenever g /∈ (supp φn)−1, we have
‖b(g)‖Y >
( (1
2
)2
+ . . .+
(1
2
)2
︸ ︷︷ ︸
n times
) 1
2
=
√
n
2
.
As (supp φn)−1 is d-bounded, this shows that the cocycle b : (G, d) → Y is
metrically proper. We leave the verification that the action is continuous to the
reader. 
Let us now see how to deduce Theorem 58 from Theorem 59. So fix a compati-
ble metrically proper stable left-invariant stable metric d on G with corresponding
balls Dα. Then, for every α > 0, we can define a continuous bounded weakly al-
most periodic function φα : G → R by
φα(g) = 2−min
{
1,max
{ d(g, 1)
α
, 2
}}
.
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We note that φα has d-bounded support, while φα ≡ 1 on Dα, thus verifying the
conditions of Theorem 59.
Example 60. Since, by Example 39, the additive group (X,+) of a Banach space
(X, ‖·‖) is quasi-isometric to (X, ‖·‖) itself, these provide examples of metrisable
groups admitting metrically proper affine isometric actions on Banach spaces
with various types of geometry.
For example, c0 does not admit a coarse embedding into a reflexive Banach
space [30] and thus cannot have a metrically proper affine isometric action on a
reflexive Banach space.
Also, by results of M. Mendel and A. Naor [38], Lq does not embed coarsely
into Lp, whenever max{2, p} < q < ∞. Thus, Lq cannot have a metrically proper
affine isometric action on Lp either. But, being super-reflexive, its shift-action on
itself is a metrically proper affine isometric action on a super-reflexive space.
4. Open problems
Problem 61. Suppose M is a compact surface of genus g > 1. Does the group of orien-
tation preserving homeomorphisms, Homeo+(M), have the local property (OB)? Does
the identity componentHomeo+0 (M) have property (OB) relative toHomeo
+(M)? We
note that, if the latter holds, then Homeo+(M) would be quasi-isometric to the mapping
class groupM(M) = Homeo+(M)/Homeo+0 (M).
Problem 62. Do diffeomorphism groups of smooth manifolds have well-defined quasi-
isometry type? Cf. the results of [11], in which certain right-invariant metrics on groups
of measure-preserving diffeomorphisms are shown to be unbounded.
Problem 63. Is there an analogue of the Guentner–Kaminker result [23] valid for general
metrisable groups? I.e., if a metrisable group G admits a maximal metric and an affine
isometric action on a Hilbert space with a cocycle growing faster that the square root of
the distance, does it follow that G is amenable?
Problem 64. Let M be an approximately finite-dimensional von Neumann algebra,
whence its unitary subgroup U(M) is approximately compact [26]. Does U(M) have
property (OB) or the local property (OB)? If so, on what kinds of Banach spaces does
U(M) act metrically properly by affine isometric transformations?
Problem 65. Find necessary and sufficient conditions for a metrisable group to have
a metrically proper continuous affine isometric action on a reflexive Banach space. In
particular, if G admits such an action, what can be said about the weakly almost periodic
functions on G?
Problem 66. Does the isometry group Isom(QU) of the rational Urysohn metric space
have a continuous affine isometric action on a reflexive space without a fixed point?
Problem 67. More generally, does a non-Archimedean Polish group have property (OB)
if and only if all of its affine isometric actions on reflexive spaces fix a point? If G has
property (OB), the existence of such a fixed point follows immediately from the fixed point
theorem of C. Ryll-Nardzewski [51].
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Problem 68. Suppose M is the countable atomic model of an ω-stable theory T. Does
Aut(M) have the local property (OB)? We note that, if this is the case, then Aut(M)
admits a metrically proper continuous affine isometric action on a reflexive Banach space.
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